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Abstract. Let F be the fundamental group of a compact riemannian mani- 
fold X of sectional curvature K < —1 and dimension n > 3. We suppose that 
r = j4 *c B is the free product of its subgroups A and B over the amalga- 
mated subgroup C. We prove that the critical exponent (5(C) of C satisfies 
(5(C) > n — 2. The equality happens if and only if there exist an embedded 
compact hypersurface Y d X, totally geodesic, of constant sectional curvature 
— 1, whose fundamental group is C and which separates X in two connected 
components whose fundamental groups are A and B. Similar results hold if F 
is an HNN extension, or more generally if F acts on a simplicial tree without 
fixed point. 

1. Introduction 

In ^Sl , Y. Shalom proved the following theorem which says that for every 
lattice r in the hyperbolic space and for any decomposition of F as an 
amalgamated product T = A*c B, the group C has to be "big". In order 
to measure how "big" C is, let us define the critical exponent of a discrete 
group C acting on a Cartan Hadamard manifold by 

6{C) = inf{s > I S^gre-"^^^'^''^) < +00}. 

Theorem 1.1. Let T be a lattice in PO{n, 1). Assume that T is an amalga- 
mated product of its subgroups A and B over C . Then, the critical exponent 
5{C) of C satisfy 5{C) > n - 2. 

An example is given by any n-dimensional hyperbolic manifold X which 
contains a compact separating connected totally geodesic hypersurface Y . 
The Van Kampen theorem then says that the fundamental group F of X 
is isomorphic to the free product of the fundamental groups of the two 
halves ol X — Y amalgamated over the fundamental group C of the incom- 
pressible hypersurface Y . Such examples do exist in dimension 3 thanks to 
the W.Thurston's hyperbolization theorem. In any dimension, A. Lubotsky 
showed that any standard arithmetic lattice of PO{n, 1) has a finite cover 
whose fundamental group is an amalgamated product, cf. In fact, A. 

Lubotsky proved that any standard arithmetic lattice F has a finite index 
subgroup Fq which is mapped onto a nonabelian free group. A nonabelian 
free group can be written in infinitely many ways as an amalgamated prod- 
uct, so one get infinitely many decomposition of Fq as an amalgamated 
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product by pulling back the amalgamated decomposition of the nonabelian 
free group. 

In these cases there is equality in theorem 1.1, ie. S{C) = n — 2 where 
C is the fundamental group of Y, and Y. Shalom suggested in that the 
equality case in the theorem 1.1 happens only in that case. 

The aim of this paper is to show that the theorem 1.1 still holds when 
r is the fundamental group of a compact riemannian manifold of variable 
sectional curvature less than or equal to —1, and characterize the equality 
case. 

Theorem 1.2. Let X be an n-dimensional compact riemanniann manifold 
of sectional curvature K < —1. We assume that the fundamental group T 
of X is an amalgamated product of its subgroups A and B over C and that 
neither A nor B equals T. Then, the critical exponent 5{C) of C satisfy 
6{C) > n — 2. Equality 5{C) = n — 2 happens if and only if C cocom- 
pactly preserves a totally geodesic isometrically embedded copy EI"~^ of the 
hyperbolic space of dimension n — 1. Moreover, in the equality case, the 
hypersurface Y^~^ := EI"'~^/C is embedded in X and separates X in two 
connected components whose fundamental groups are respectively A and B. 

Remark 1.3. (i) By the assumption on A or B not being equal to T we 
exclude the trivial decomposition T = T *c C where A = T and C = B can 
be an arbitrary subgroup ofV, for example any cyclic subgroup, in which case 
the conclusion of theorem 1.2 fails. Also note that because of this assumption 
on A and B, we have A ^ C and B ^ C . 

(ii) Let us recall that standard arithmetic lattices in PO{n,l) have finite 
index subgroup with infinitely many non equivalent decompositions as amal- 
gamated products, cf. ^T]. In fact, among these decompositions, all but 
finitely many of them are such that S{C) > n — 2. Indeed, by theorem 1.2, 
if S{C) = n — 2 then C is the fundamental group of an embedded totally 
geodesic hypersurface in X, but there are only finitely many totally geodesic 
hypersurfaces by [21] . 

When a group is an amalgamated product, it acts on a simplicial tree 
without fixed point and theorem 1.1 is a particular case of the 

Theorem 1.4. (^15 , theorem 1.6). Let T C SO{n,l) , n > 3, be a lattice 
Suppose r acts on a simplicial tree T without fixed vertex. Then there is an 
edge ofT whose stabilizer C satisfies 5{C) >n — 2. 

In the case F is cocompact, the conclusion of theorem 1.4 holds for the 
stabilizer of any edge which separates the tree T in two unbounded compo- 
nents, and the proof of this is exactly the same as the proof of theorem 1.2. 
In particular, when the action of F on T is minimal, (ie. there is no proper 
subtree of T invariant by F), the conclusion of theorem 1.4 holds for every 
edge of T, in the variable curvature setting, and we are able to handle the 
equality case. 
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Theorem 1.5. LetT be the fundamental group of an n- dimensional compact 
riemannian manifold X of sectional curvature less than or equal to —1. 
Suppose r acts minimally on a simplicial tree T without fixed point. Then, 
the stabilizer C of every edge of T satisfies 5{C) > n — 2. The equality 
S{C) = n — 2 happens if and only if there exist a compact totally geodesic 
hypersurface Y C X with fundamental group tti{Y) = C. Moreover, in that 
case, Y with its induced metric has constant sectional curvature —1. 

Another interesting case contained in theorem 1.5 is the case of HNN 
extension. Let us recah the definition of an HNN extension. Let A and 
C be groups and /i : C — > A, /2 : C — > ^ two injective morphisms of 
C into A. The HNN extension A*c is the group generated by A and 
an element t with the relations tfi{'y)t~^ = /2(7)- For example, let X be 
a compact manifold containing a non separating compact incompressible 
hypersurface Y C X. Let A be the fundamental group of the manifold with 
boundary X — y obtained by cuting X along Y and let C be the fundamental 
group of Y. The boundary ol X — Y consists in two connected components 
Yi C X — Y and Y2 G X — Y homeomorphic to Y. By the incompressibility 
assumption, these inclusions give rise to two embeddings of C into A, and 
the fundamental group of X is the associated HNN extension A*c- 

Theorem 1.6. Let T be the fundamental group of a compact riemannian 
manifold X of dimension n and sectional curvature less than or equal to —1. 
Suppose that T = A*c where A is a proper subgroup of T. Then, we have 
S(C) > n — 2 and equality d{C) = n — 2 if and only if there exist a non 
separating compact totally geodesic hypersurface Y C X with fundamental 
group vri(y) = C. Moreover, in that case, Y with its induced metric is of 
constant sectional curvature —1, and the HNN decomposition arising from 
Y is the one we started with. 

Let us summarize the ideas of the proof of theorem 1.2. We work on 
X/C. The amalgamation assumption provides an essential hypersurface Z 
in X/C, namely Z is homologically non trivial in X/C. The volume of 
all hypersurfaces homologous to Z is bounded below by a positive constant 
because their systole are bounded away from zero. We then construct a 
smooth map F : X/C ^ X/C, homotopic to the identity which contracts 
the volume of all compact hypersurfaces Y by the factor (^z^)" , namely 

voln~iF(Y) < {^^2)^ ^voln^iY. This contracting property together with 
the lower bound of the volume of hypersurfaces in the homology class of 
Z gives the inequality 5(C) > n — 2. This map is different from the map 
constructed in in particular it can be defined under the single condition 
that the limit set of C is not reduced to one point. Moreover, its derivative 
has an upper bound depending only on the critical exponent of C. 

The equality case goes as follows. When S{C) = n — 2, the map F : 
X/C X/C contracts the (n — l)-dimensional volumes, ie. \JaCn-iF\ < 1. 
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This contracting property is infinitesimally rigid in the foUowing sense. Let 
us consider a hft F of F. If \JaCn-iF{x)\ = 1 at some point x £ X, then 
F{x) = X, there exists a tangent hyperplane E C TxX such that DF{x) is 
the orthogonal projector of TxX onto E and the hmit set Ac is contained in 
the topological equator E{qo) C dX associated to E. By topological equator 
E{oo) C dX associated to E, we mean the set of end points of those geodesic 
rays starting at x tangently to E. 

We then prove the existence of a point x X such that 

(1.1) \JaCn-iF{x)\ = 1. 

If there would exist a minimizing cycle in the homology class of Z in X/C, 
any point of such a cycle would satisfy (1.1). As no such minimizing cycle 
a priori exists because of non compactness of X/C, we prove instead the 
existence of a harmonic (n — l)-form dual to Z, which is enough to prove 
existence of a point x such that (1.1) holds. 

At this stage of the proof, there is a big difference between the constant 
curvature case and the variable curvature case. 

In the constant curvature case, any topological equator bounds a totally 
geodesic hyperbolic hypersurface H""^, and therefore, as the group C pre- 
serves Ac C E(oo) = dll"'~^, it is not hard to see that C also preserves 
EI"~^ and acts cocompactly on it, and the hypersurface of the equality case 
in theorem 1.2 is IT-^/C, ^. 

In the variable curvature case, we first show the existence of a C-invariant 
totally geodesic hypersurface Z^o C X whose boundary at infinity coincides 
with A(C), and then we show that Z^o is isometric to the real hyperbolic 
space. We then show that Y =: M^^/C, which is compact, injects in 
X = X /T and separates X in two connected components whose fundamental 
groups are A and B respectively. 

In order to show the existence of such a totally geodesic hypersurface Z^o, 
we first prove that C is a convex cocompact group, ie. the convex hull of 
the limit set of C in X has a compact quotient under the acton of C, and 
that the limit set of C is homeomorphic to an (n — 2)-dimensional sphere. 

The convex cocompactness property of C and the fact that the limit set 
A(C) of C is homeomorphic to an (n — 2)-dimensional topological sphere are 
the two key points in the equality case. 

This compactness property then allows us to prove the existence of a mim- 
imizing current in the homology class of the essential hypersurface Z C X/C. 
By regularity theorem this minimizing current Z^o is a smooth manifold ex- 
cept at a singular set of codimension at least 8. By the contracting properties 
of our map F, Z^o is fixed by F and the geometric properties of F at fixed 
points where the (n — l)-jacobian of F equals 1 allows us to prove that Z^ 
is totally geodesic and isometric to the hyperbolic space. 

Let us now briefly describe the proof of the convex cocompactness prop- 
erty of C in the equality case. 
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The group C (or a finite index subgroup of it) actually globally pre- 
serves a smooth cocompact hypersurface Z d X which separates X into 
two connected components and whose boundary dZ C dX coincides with 
Ac C E(oo). In the case where C wouldn't be convex cocompact, we are 
able to find an horoball HB{Oq) centered at some point 9q € Ac in the 
complementary of which lies the hypersurface Z. 

The contradiction then comes from the following. 

Consider a sequence of points 9i E dX converging to 6*0 and geodesic rays 
ai starting from the point x G X at which \ JaCn-i{x)\ = 1 and ending up 
at 6i. These geodesic rays have to cross Z at points Zi which are at bounded 
distance from the orbit Cx of x, therefore the shadows Oi of balls centered 
at these zi enlighted from x have to contain points of Ac by the shadow 
lemma of D. Sullivan. On the other hand, we show that it is possible to 
choose the sequence 9i in such a way that these shadows Oi don't meet Ac. 
This property Oi fl Ac = comes from a choice of 9i such that the distance 
between Zi and the set H of all geodesies rays at x tangent to -E C T^X 
tends to oo. Intuitively, in order to chose Zi as far as possible from H, 
the points Oi have to be chosen tranversally to Ac. This transversality 
condition is not well defined because the limit set Ac might be highly non 
regular. Thus, in order to prove that such a choice is possible, we argue 
again by contradiction. If for any choice of a sequence Oi converging to 
the distance between Zi and H stays bounded, then the Gromov distances 
d{Oi,0o) between Oi and Oq satisfy d{Oi,Ac) = o{d{0i,0o)), and therefore 
any tangent cone of Ac at Oq would coincide with a tangent cone of dX at 
^Oi which is known to be topologically M"^^. But on the other hand, the 
existence of a point x such that |Jac„_i(x)| = 1 and the fact that C acts 
uniformly quasiconformally with respect to the Gromov distance on dX 
imply that the Alexandroff compactification of the above tangent cone of 
Ac at ^0 is homeomorphic to Ac which is contained in a topological sphere 
leading to a contradiction. 

From convex cocompactness of C and the fact that the limit set of C 
is a topological (n — 2)-dimensional sphere, there is an alternative proof of 
the existence of a totally geodesic C-invariant copy of the hyperbolic space 
HJ^"^ C X which consists in observing that the topological dimension and 
the Hausdorff dimension of the limit set A(C) are equal to n — 2 and then 
use the following result of M. Bonk and B. Kleiner (which we quote in the 
riemannian manifold setting although it remains true for CAT{—1) spaces) 
instead of the (simpler) minimal current argument. 

Theorem 1.7. 0] Let X be a Cartan Hadamard n- dimensional manifold 
whose sectional curvature satisfy K < —1, and C a convex cocompact dis- 
crete subgroup of isometrics of X with limit set Ac- Let us assume that the 
topological dimension and the Hausdorff dimension (with respect to the Gro- 
mov distance on dX ) of Ac coincide and are equal to an integer p. Then, C 
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preseves a totally geodesic embedded copy of the real hyperbolic space MP^^ , 
with = Ac. 

The authors would hke to express their gratitude to Alex Lubotsky, Jean 
Barge, Marc Bourdon, Gilles Carron, Jean Lanne, Frederic Paulin, Leonid 
Potyagailo for their interests and helpfull conversations. 

2. Essential hypersurfaces 

Let r be a discrete cocompact group of isometrics of a n-dimensional 
Cartan-Hadamard manifold {X,g) whose sectional curvature satisfies Kg < 
— 1. Let us assume that the compact manifold X = X /T is orientable. Let 
us also assume that T = A*c B is an amalgamated product of its subgroups 
A and B over C. 

We first reduce to the case where [F : C] is infinite. 

Namely, if [F : C] < oo, then the critical exponent 6{C) = d(T) > n — 1, 
and the equality in theorem 1.2 holds. 
We then can assume that [F : C] = oo. 

Lemma 2.1. Let T = A *c B be as above, with [F : C] = oo. // neither A 
nor B equals F, then Hn-i{X /C,Z) ^ 0. 

Proof : The Mayer- Vietoris sequence coming from the decomposition 
T = A*cB writes cf. W, Corollary 7.7, 

Hn{X/C,Z) ^ Hn{X/A,Z)®Hn{X/B,Z) ^ Hn{X/T,Z) ^ ... 
...^Hn-l{X/C,Z)^... 

As [F : C] = oo, Hn{X/C,Z) = thus, if Hn-iiX/C,Z) = 0, we deduce 
from the Mayer- Vietoris sequence that Hn{X /A,Z) © Hn{X /B,Z) is iso- 
morphic to Hn{X /T, Z). As Hn-i{X /T, Z) = Z, we then deduce that either 
[T : A] = oo and B = F, or [F : = oo and ^ = F. □ 

In fact in the sequel of the paper we will make use of a smooth essential 
hypersurface Z in X/C. 

Definition 2.2. A compact smooth orientable hypersurface Z of an n- 
dimensional manifold Y is essential inY / where [Z] e Hn-iiZjM) 

denotes the fundamental class of Z and : M) Hn-i(Y,R) the 

morphism induced by the inclusion i : Z ^ Y. 

The end of this section is devoted to finding such an hypersurface Z in 
X/C. 

Let us recall a few facts about amalgamated products and their actions 
on trees, following Let T = A *c B he an amalgamated products of 
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its subgroups A and B over C. Then, F acts on a simplicial tree T with 
a fundamental domain T C T being a segment, ie. an edge joining two 
vertices. Let us describe this tree T. There are two orbits of vertices Tva_ 
and TvB, the stabihzer of the edge va (resp. vb) being A,( resp. B). 
There is one orbit of edges Tec, the stabihzer of the edge ec being C. The 
fundamental domain T can be chosen as the edge ec joining the two vertices 
VA and Vb- The set of vertices adjacent to va, (resp. vb), is in one to one 
correspondance with A/C, (resp. B/C). Note that as neither A nor B are 
equal to F, then [A : C] 7^ 1 and [B : C\^l, therefore for an arbitrary point 
to on the edge ec we see that T — to is a disjoint union of two unbounded 
connected components. This fact will be used later on. 

Let us consider a continuous F-equivariant map f : X ^ T where T is the 
Bass-Serre tree associated to the amalgamation F = A^cB. One regularizes 
/ such that it is smooth in restriction to the complementary of the inverse 
image of the set of vertices of T. Let a regular value of / contained in 
that edge of T which is fixed by the subgroup C and define Z = f~^{tQ). Z 
is a smooth orientable possibly not connected hyper surface in X, globally 
C-invariant. Let us write Z = Z/C. We will show Z C X/C is compact 
and that one of the connected components of Z is essential. 

Lemma 2.3. Z (Z X /C is compact. 

Proof : Let us show that for any sequence Zn € Z, there exists a subse- 
quence Zrif. and 7fe G C such that ^k^uk converges. As F is cocompact, there 

exists ffn £ r such that the set [gnZn) is relatively compact. Let grik^Uk a 
subsequence which converges to a point z X. By continuity, the sequence 
figuk^rik) converges to f(z), and by equivariance we get 

9nJiZnJ = gni^to ^ f{z) 

when k tends to 00. As F acts in a simplicial way on the tree T and 
transitively on the set of edges, the sequence gnkto is stationary, ie gn^to = 
i'o = 5*0 for k large enough. Thus g~^gnk = 7fe G C for A; large enough since 
it fixes to and ^k^nk = 9~^9nk^nk converges to g~'^{z) □ 

The smooth compact hypersurface Z we constructed might be not con- 
nected. Let us write Z = Zi U Z2 U ... U Z/; where the Zj's are the connected 
components of Z. Each Zj is a compact smooth oriented hypersurface of 
X/C. 

The aim of what follows is to prove that at least one component Zj of Z 
is essential. 

Lemma 2.4. There exists i € [l,k] such that Zi is essential in X/C. 

Proof : If there exists a Zj which doesn't separate X/C in two connected 
components, then Zi is essential m. X/C. So we can assume that every Zj, 
j = l,...k, does separate X/C in two connected components. In that case 
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we will show that there exists a Zi which separates X/C in two unbounded 
connected components which easily implies that Zi is essential. 

Let us denote ?7/, I = 1,2, ...,p, the connected components of X/C — 

Claim : at least two components Um, Um' are unbounded. 

Assuming the claim let us finish the proof of the lemma. For each Zj we 
denote Vj, V- the two connected components of X/C — Zj. Then Um = 
Wi n W2 n ... n where for each j, Wj = Vj or Wj = Vj- In the same way, 
Um' = W^i' n 1^ ... n W^. AsUm^i Um' = 0, there exists i e [l,k] such that 
Wj n W/ = 0, thus Um C Vi and Um' C V- or Um C V- and Um' C Vi so Z^ 
separates X/C into two unbounded components. This proves the lemma. 

Let us prove the claim. 

We have already noticed that T — {to} is the disjoint union of two un- 
bounded connected components Ti and T2. As C acts on T isometrically 
and simplicially then T/C — {to} = T1/CUT2/C is the disjoint union of two 
unbounded connected components. Let f : X/C —>■ T/C the quotient map 
of /. For each component Ui, we have 

f{Ui) C Ti/C or f{Ui) C T2/C, thus we can conclude the claim because 
/ is onto □ 

Let TT : X ^ X/C be the natural projection. For any i = 1, 2, k, let us 
denote {Z^}j^j the set of connected components of Zi =: Tr~^ (Zi). 

For each i G [i,k], we claim that C acts transitively on the set {Zj}j^j. 

Namely, let us consider Zj Zj , z & Zj, z' £ Zj , and write z = ttz E Zi and 
z' = TTz' € Zi. Let a be a continuous path on Zj such that a(0) = z and 
a(l) = z' , and a the lift of a such that a{0) = z. We have 7rQ;(l) = z' and 
(5(1) G zj for some j, thus, there exists c G C such that c{a{l)) = z' and 
therefore cZj = Zj' .D 

Let us denote Cj the stabilizer of Zj, and Zj = Zj/Cj d X/Cj. Let us 
write p : X /Cj X /C the natural projection. 

Lemma 2.5. The restriction of p to Zj is a diffeomorphism onto Zi. In 
particular, Zj is compact. 

proof : Let z and z' be two points in Zj such that p(z) = p{z'). Let 
z and z' be lifts of z and z' in X. These two points z and z' which are in 
Zi actually belong to the same connected component Zj because for j ^ f, 
Zj'/Cj n Zj/Cj = 0. As p{z) = p{z'), there exits c G C such that z' = cz, 
thus c £ Cj, and z = z', therefore the restriction of p to Zj is injective. 
The surjectivity comes from the fact that 7r~^Zj = [jj^j Zj and C acts 

transitively on the set {Zj}j^j. □ 

Let us consider the integer i G [l,k] as in lemma 2.4, ie. such that 
Zi ^ X/C is essential, and choose Zl one component of -ir~^{Zi). 
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After possibly replacing C' by an index two subgroup, we may assume 
that C- globally preserves each of the two connected components and 
ofX-Zl 

Lemma 2.6. Let i, I and C\ he chosen as above. The compact hypersurface 
Z\ = Z\/C\ is essential in X/C\. Moreover the two connected components 
Ul/C\ and Vl/C\ ofX/C^ - are unbounded. 

Proof : Let us consider p : X /C\ ^ X jC . By lemma 2.5, the restriction 
of p to Z\ is a diffeomorphism onto Zj, therefore Z\ is essential in X /C\ 
because Zi is essential m.X /C . As C\ preseves and V/, Z\ separates X /C\ 
into two connected components Ul/Cl and Vl /C\. and as Z\ is essential in 
X/C\, Ul/Cl and V^/Cl are unbounded. □ 

In the sequel of the paper we vi^ill denote Z' = Z', C = C[ and 

z' = zi = z\ic\. 

3. ISOSYSTOLIC INEQUALITY 

In this section we summarize facts and results due to M.Gromov, j^I. 
Let Z he a. p-dimensional compact orientable manifold and i : Z ^ Y an 
embedding of Z into Y where Y is an aspherical space. We suppose that 
^*([-^]) 7^ where : Hp(Z,M) Hp{Y,M) is the morphism induced by the 
embedding Z ^ Y. Let us fix a riemanniann metric g on Z. For each z ^ Z 
we consider the set Cz of those loops a at z such that z o a is homotopically 
non trivial in Y. 

Let us define the systole of {Z, g, i) at the point z by 

Definition 3.1. sysi{Z, g, z) = inf{lengh{a), a G Cz} 
and the systole of {Z, g, i) by 

Definition 3.2. sySi{Z,g) = inf{sySi{Z, g, z) z G Z}. 

The following isosystolic inequality, due to M.Gromov says that the vol- 
ume of any essential submanifold Z of an aspherical space Y relatively to 
any riemanniann metric on Z is universally bounded below by it's systole. 

Theorem 3.3. ^9^ There exists a constant Cp such that for each p-dimensional 
riemanniann manifold {Z,g) and any embedding Z ^Y into an aspherical 
space Y such that i^{[Z]) ^ where i* : Hp(Z,M) Hp(Y,M) is the induced 
morphism in homology, then volp{Z,g) > Cp{sySi{Z, g)y 

We will apply this volume estimates to the essential hypersurface i : Z ^ 
X/C that we constructed in lemma 2.6. 
The following lemma is immediate. 
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Lemma 3.4. Let C be a discrete group acting on a simply connected man- 
ifold X, Z a C -invariant hypersurface of X and i : Z = Z/C '-^ X/C the 
natural inclusion. Let g any riemanniann metric on Z and g the lift of g to 
Z. Then, for any z € Z we have, 

sysi{Z,g,z) =inf{dg{z,jz),-f G C} 
where z E Z is a lift of z E Z and dg is the distance induced by g on Z. 

Proof : Let a G a loop based aX z & Z. As z o a is an homotopically 
non trivial loop at i{z) = z in X/C, its lift i o a at some z £ Z ends up at 
jz for some 7 G CO 

4. Volume of hypersurfaces in X/C 

Let {X, g) be a n-dimensional Cartan-Hadamard manifold whose sectional 
curvature satisfies Kg < — 1 and C a discrete group of isometrics of {X,g). 
We assume that the group C is non elementary, namely C fixes neither one 
nor two points in the geometric boundary dX of {X^g). 

The aim of this section is to construct a map F : X/C ^ X/C such that 
for any compact hypersurface -Z^ of X/C, we have 

V0ln-l{F{Z)) < (^-±lY~\oln-l{Z) 

\n — 1/ 

where 6 is the critical exponent of C and voln-i{Z) stands for the (n — 1)- 
dimensional volume of the metric on Z induced from g. For every subgroup 
C CC and any hypersurface Z' of X/C the lift F' : X/C ^ X/C of F 
will also verify 

/ A _|_ 1 \ n—1 
V0ln-l{F'{Z')) < r—-) VOln-l{Z'). 

Vn — 1/ 

In order to construct the map F we need a few prelimiraries. We con- 
sider a finite positive Borel measure n on the boundary dX whose support 
contains at least two points. Let us fix an origin o £ X and denote B{x,9) 
the Busemann function defined for each x £ X and 9 G dX by 

B{x,6) = lim dist{x,c{t)) — t 

t— »oo 

where c{t) is the geodesic ray such that c(0) = o and c(-|-oo) = 9. 
Let : X —i-M. the function defined by 

(4.1) V^{y) = [ e''^y^'U,ji{9) 

Jdx 

A computation shows that 

(4.2) DdV^{y)= f {DdB{y,9) + DB{y,9)®DB{y,9))e''^y^^Uix{9). 

Jdx 
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When Kg < — 1 the Rauch comparison theorem says that for every y G X, 
and e G dX, 

(4.3) DdB{y, 6) + DB{y, 0) ® DB{y, 9) > ~g. 
We then get 

(4.4) DdV^iy) > V^{y)g, 

thus DdT>^{y) is positive definite and T>^ is strictly convex. 
Lemma 4.1. We have hm^^^g^ ^niv) = +oo. 

proof : Let yk & X a sequence such that 

(4.5) Km yk = eoe dX. 

fc— >oo 

As supp{ii) n [dX — {6q}) ^ 0, there exists a compact subset K c dX — 
{6q} such that /x(K) > thus, 

(4.6) / e^^y>"^Un> I e^^y^'^Ufi ^ +00. 
JdX Jk 

□ 

Corollary 4.2. Let jj, a finite borel measure on dX whose support contains 
at least two points. The function has a unique minimum. This minimum 
will be denoted by C{fj,). 

Let us now consider some discrete subgroup C C Isom{X, g). Recall that 
a family of Patterson measures {l^x)x^x associated to C is a set of positive 
finite measures jix on dX, x E X, such that the following holds for allx e X, 

(4.7) fijx = J*IJ-x 

(4.8) fix = e-^^(-''^)/x„, 

where o G X is a fixed origin, B the Busemann function associated to o 
and 6 the critical exponent of C. 

We assume now that supp{fXo) contains at least two points and define the 
map F : X ^ X for X e X hy 

(4.9) F(a;)=C(e-^(-'^)M,). 

Here are a few notations. For a subspace E of T^X, we will write 
JacEF{x) the determinant of the matrix of the restriction of DF{x) to 
E with respect to orthonormal bases of E and DF{x)E. For an integer p. 
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we denote by JaCpF(x) the supremum of \ JacEF{x)\ as E runs through the 
set of p-dimensional subspaces oiT^X. 

Lemma 4.3. The map F is smooth, homotopic to the Identity and verifies 
for all X E X, ^ E C and p E [2,n = dim{X)], 

(i) F{-fx) = jFix) 

(ii) \Jac,F{x)\ < [^y. 

Proof : 

The map 

Jax Jdx 
is smooth because y B{y, 9) is smooth. 

For all x the map y — > e^(^'^)~'^''+^)-^(^'^)(i^o(^) is strictly convex by 
(4.4) and tends to infinity when y tend to dX (cf. lemma 4.1), thus the 
unique minimum F{x) is a smooth function. The equivariance of F comes 
from the cocycle relation B{'yy, j6) — B{'jx, ^6) = B{y, 9) — B{x, 9). 

For each a:; G X let Cx be the geodesic in X such that Cx{'d) = z, Cx.(l) = 
F[x) and which is parametrized with constant speed. The map Ft : X ^ X 
defined by Fi{x) = Cx{t) is a C-equivariant homotopy between Idj^ and F. 

It remains to prove (ii). 

The point F{x) is characterized by 

(4.10) / DB{F{x),9)e^^^^''^'^^-^^'''^'>dnx{9) = 0. 

JdX 

In order to simplify the notations we will write B(^x,e) instead of B{x, 9) 

and we will denote Vx the measure e^^^^^^'^^^^^^'^Vx- We will also write 
DF{u) instead of DF{x){u). 

The differential of F is characterized by the following: for u G T^X and 
V € Tpf^^^X, one has 

[ ADdB^Fi.),9)iDHu),v)+DB^p^^^,^{v)DB^^^^^^^ 

(4.11) = {5 + 1) j^_^DB^p^^^^,^{v)DB^^x,e){u)dvx{9). 
We define the quadratic forms A; and h iov v E Tp, sX by 



(4.12) k{v,v) = f jDdB^p^^^,^{v,v) + {DB^p^^^,^{v))^]dux{9). 
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and 

(4.13) h{v,v) = j^_^DB^p^^^^^^{vfdu^{e). 
The relation (4.11) writes, for u G T^X and v G Tp^^^X : 

(4.14) k{DF{u),v) = (6 + 1) J^_^DB^p,^^^ ,^{v)DB^,^g){u)d,y,{e). 
We defines the quadratic form h' on T^X for u G T^X by 

(4.15) h'{u,u)= [ DB^^^Q){ufdv^{e), 

Jdx 

and one derives from (4.14) 

(4.16) \k{DF{x){u),v)\ <{6+ l)h{v, vf/^h'{u, uf^. 

One now can estimate JaCpF{x). Let P C T^X, dimP = p. If DF(P) 
has dimension lower than p, then there is nothing to be proven. Let us 
assume that dimDF{P) = p. Denote by the same letters H' [resp. H and 
K] the selfadjoint operators (with respect to g) associated to the quadratic 
forms h' [resp. h, k] restricted to P [resp. DF{P)]. 

Let (vi)f=i ail orthonormal basis of DF{P) which diagonalizes H and 
(^j)r=i orthonormal basis of P such that the matrix of KoDF{x) : P — > 
DF{P) is triangular. Then, 

(4.17) detK.\JacpF{x)\ < {S + ir{nP^Mvi,Viy/^){Ii';^,h'{ui,Uiy/^) 
thus, 

(4.18) detK.\JacpF{x)\ < {6 + J ^ J . 

In these inequalities one can normalize the measures 

such that their total mass equals one, which gives 

(4.19) traceH = ^^i^ih{vi, Vi) < 1, 

the last inequality coming from the fact that for all 6 G dX, 

(4.20) J:UDB{Fix),e){vif < \\VB{F{x),e)f = 1 
and from the previous normalization. 
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Similarly, 

(4.21) traceH' = TF.^^h'{ui, Ui) < 1. 

We then obtain with (4.18) 



(4.22) detK.\JacpF{x)\ < (^— 

Thanks to (4.3), we have detK > 1, so 

'6 + l\P 



(4.23) \JacpF(x)\ < 

\ p 

We get (ii) by taking the supremum in P. □ 

As the map F : X —> X is C-equivariant, then for every subgroup C C C, 
F gives rise to a map F' : X/C — > X/C and so does the homotopy Ff 
between F and Idj^. 

Corollary 4.4. The map F' : X /C ^ X /C is homotopic to the Identity 
map and verifies for all x G X/C and p E [2,n = dimX] 

\JacF;ix)\ < {^y. 

Let C C Isom{X, g) as above, ic such that the support of the Patterson- 
Sullivan measures contains at least two points and with critical exponent 5. 
Let C C C be a subgroup. 

Let us consider an compact hyper surf ace Z' C X/C". 

Denote F'^ = F' o F' o o F' the composition of /c-times. 

Let us write gk = {F'^)*g, where g is the metric on X/C induced by g. 
The symmetric 2-tensor g^ may not be a riemanniann metric on X/C nor its 
resriction to Z', so we have to modify it. For e > 0, the following symmetric 
2-tensor g^^i^ is a riemanniann metric on X/C' and so is its restriction h^^h 
to Z'. 



(4.24) 5e,fe = 9k + 

Lemma 4.5. Let h^^k be the restriction of g^^k to the hypersurface Z' and 

gz' the restriction of g to Z' . Let ^^^^ '■ Z' ^ M the density defined for 
all x G Z' by dvh^^{x) = ^^^kix)dvg^,{x). For any sequence such that 
limfc^ooCfc = 0, there exists a sequence e'j^, limfe^oocj^ = 0; such that for all 

X e z' , 

< $e'„ifc(ic) < \JaCn-xF'^{x)\ + ejfc. 

In particular, 
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and 

r / 5 + 1 \ k(n-l) 1 

vol{Z',h^>^^k) < + (^k\vol{Z\gz'). 

Corollary 4.6. Under the above asumptions, if 5 < n — 2 there exists a 
sequence such that limyt_»ooe^ = 0, and limk^ooVol{Z' ,hf^i^^k) = 0. 

Proof of lemma 4.5 : 

Let us fix k an integer. Let x ^ Z' and u € T^Z' . We liave g^^i.{u,u) = 
he,k{u, u) = g{DF"^{x){u),DF"^{x){u))+e^g{u, u) thus K^k{u, u) = g{A^^^u, u) 
where A^^e G End{TxZ') is the self adjoint operator = DF'^{x)* o 
DF'^{x) + e^Id, with DF"'{x)* the adjoint of DF'^{x) : {T^Z',g{x)) 
{DF'\x){T,Z'),g{F'\x))). 

By compactness of and continuity of A^^e^ there exist e'^ such that 

1 /2 

^e'ki^) = detA < detA^fi + e^, 

^ ' k 

thus 

^e'^,ki^) < \ JaCn-iF"'{x)\+ek. 
The lemma then follows from Corollary 4.4. □ 

5. Proof of Theorem 1.2 

This section is devoted to the proof of the Theorem 1.2. Let F be a 
discrete cocompact group of isometries of a n-dimensional Cartan-Hadamard 
manifold {X,g) whose sectional curvature satisfies Kg < —1. We assume 
that T = A*c B. At the end of section 2 we constructed a subgroup C <Z C 
and an orientable hypersurface Z' d X such that C' .Z' = Z' and Z' = Z' jC' 
is compact in X/C' . Moreover Z' is essential m. X/C' ie ^ where 

: i?„_i(Z',R) — > i?„_i(X/C", M) is the morphism induced on homology 
groups by the inclusion i : Z' ^ X / C' and [Z'\ the fundamental class of Z' . 

5.1 Proof of the inequality 

We now prove the inequality in the theorem 1.2. Let us assume that 
5 < n — 2 and derive a contradiction. Let h^i^ f. the sequence of metric 
defined on Z' in lemma 4.5, then by corollary 4.6 we have 

(5.1) \im vol{Z',h,, k)=0. 

k—*oo 

We now show that the systole of the metric hf:/^^^ on Z' is bounded below 

independently of k. Recall that the systole of i : — >^ X/C at a point 
z & Z' with respect to a metric /i^ ^ can be defined by 



(5.2) sySi(Z', hg_k, z) = inf^gc'dist(2',h,,k)(^' 

where z is any lift of z and hf:^^ the lift on Z' of (cf. lemma 3.4). 
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Let a(t) be a minimizing geodesic between z and 72 on {Z',h^^k). By 
definition of ^g^fe we have 

(5.3) dist(2,,h„,)(^'^^)^li(F''°") 

where Ig stands for the lengh with respect to 5 on X. 
We get 

(5.4) dist(2,,h^,)(z,7z) > dist(x,g)(F''(z),7F^(z)) > P 

where p is the injectivity radius of X /C . 
We then have 

(5.5) sySi(Z',h,,k) >/0, 
and thanks to the Theorem 3.3 we obtain 

(5.6) vol(Z',h,,,k) >CnP°-' 

which contradicts (5.1). 
□ 

5.2 Proof of the equality case 

There wih be several steps. 

Step 1: The limit set of C is contained in a topological equator. 
Step 2: The weak tangent to dX and Kc- 

Step 3: The limit set Kq' of C and the limit set Ac of C are equal to a 
topological equator. 

Step 4: C' and C are convex cocompact. 

Step 5: C preserves a copy of the real hyperbolic space Hlj^"^ totally geodesi- 
cally embedded in X. 

Step 6: Conclusion 

Step 1: The limit set Ac of C is contained in a topological equator. 

Let X X and E C T^X a codimcnsion one subspace. For each u € TxX, 
g{u,u) = 1, one considers the geodesic Cu defined by c„(0) = x and c„(0) = 
u. We define the equator E[oo) associated to E as the subset of dX 



(5.7) 



E{oo) = {cu{+oo)/u e E} 
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Our goal is to prove the existence of a point x € X and an liyperplane 
E C TxX such that the Umit set Ac satisfies Ac C E{oc). 

Recall that C' C C globally preserves an hypersurface Z' such that 
Z'/C C X/C is compact and essential. 

Let us also recall that we have constructed a C-equi variant map F : X ^ 
X such that, for all a; G X, 

(5.8) \JaCn-iF{x)\ < (^) 

where the critical exponent (5 of C satisfies 5 = n — 2, thus 

(5.9) \JaCn-iF{x)\ < 1. 

The step 1 follows from the two following Propositions. 

Proposition 5.1. Let x e X such that \ JaCn-iF{x)\ = 1. Then there 
exists E C TxX such that the limit set Ac satisfies Ac C E{oo). Moreover, 
F{x) = X and DF{x) is the orthogonal projector onto E. 

Proposition 5.2. There exists x E X such that \JaCn-iF{x)\ = 1. 
Proof of Proposition 5.1 

Let X E X such that \ JaCn-iF{x)\ = 1. By definition we have a subspace 
E C T^X such that \JacEF{x)\ = 1. By (4.18) and detK > 1 we have, 

\JacEF{x)\ <iri- 1)"-^ (^^) (^^^) 

(5.10) < (n-l)"-^(^^)"-^ 

In particular as \JacEF{x)\ = 1, we have equality in the inequalities 
(5.10), thus, traceH = trace{h) = 1, and 

(5-11) H = -L^Id^p^^^^^y 

Let us recall that the quadratic form h is defined by 

h{v,v)= [ DB{F{x),e){vfe^^^'^'-''>'^'>-^^'''^Ui^:c{0) 

JdX 

where Hx is the Patterson- Sullivan measure of C normalized by 



(5.12) 



JdX 
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We then have 

1 = trace{h) = traceH = Ti^'^ h{vi , Vi) = 

Jdx 
Jdx 

because J:^-lDB{F{x),e){vif < \\DB{F{x),e)\\^ = 1 
for all 6* G ax. 

Therefore for ^a;-almost all 9 E supp{e^^^^^^'^^~^^^'^^ dfj,x{9)) = supp{px)i 
we have 

(5.13) J:^-^DB{F{x),9)(vif = \\DB{F{x),e)\\' = 1. 

In (5.12), T,^~^DB{F{x), 9){v.if' represents the square of the norm of the 
projection of VB{F{x),9) on E. 

By continuity of B{x, 9) in 9 one then gets Ac = supp{^x) C E[oo). 

Let us now prove that F[x) = x. When JacFE{x) = 1, we have equality 
in the Cauchy-Schwarz inequality (4.16), therefore for each i = 1, ...n — 1 and 
9 € Ac we get DB{F{x),9){vi) = DB{x,9){ui). Therefore we deduces from 

(5.13) that VB{x, 9) = T.^'l'^DBix, 9){ui)ui, which imply with (4.10) that 

(5.14) [ L>B(x,0)e^™''')-^(^'^)d/i^(0) = 0. 
Jdx 

On the other hand, as /^^ L»S(F(x), 6l)e^(^(^)'^)-^(^'^)(i^^(6l) = and = 
^^/(i^^^^^j.^^, the support of fix cannot be just a pair of points, therefore 

the barycenter of the measure e^^^^^^'^'^~^^^'^'^ fix defined in is well defined 
and characterized as the point z X such that 

[ DB{z, 0)e^(^(-)'^)-^(-'^)d/.,(0) = 0, 
Jax 

thus (5.14) and (4.10) imply x = F{x). □ 
Proof of Proposition 5.2 : 

If we knew that there exists a minimizing hypersurface Zq in the homology 
class of Z, then every points x G Zq would verify \Jacn-iF{x)\ = 1. We 
unfortunately don't know if there exists such a minimizing hypersurface nor 
a minimizing current in the homology class of Z. Instead we will consider 
an L'^{X /C') harmonic (n — l)-form dual to the homology class of Z. 

We need the following lemmas in order to prove the existence of such a 
dual form. 
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Let \i{X /C) be the bottom of the spectrum of the Laplacian on {X,g), 

ie. 

(5.15) \,{X/C') = (^/^,){^^^^-^}. 

Lemma 5.3. Let C C Isom{X , g) a discrete group of isometries with criti- 
cal exponent 5 = n — 2 where {X,g) is an n- dimensional Cartan-Hadamard 
manifold of sectional curvature Kg < —1. Then for any subgroup C C C 
we have Xi{X/C') > n - 2. 

Proof : 

Thanks to a theorem of Barta, cf.T!?^ Theorem 2.1, the lemma boils down 
to finding a positive function c : X/C" — > M+ such that Ac{x) > (n — 2)c(x). 
Here, the laplacian A is the positive operator ie. Ac = —traceDdc. We 
consider the smooth function c : X — > M+ defined by c{x) = ^x{dX) where 
{l^x}x&x ^ family of Patterson-Sullivan measure of C. The function c is 
C-equivariant therefore it defines a map c : X/C ^ M+ for any subgroup 
C C C. Let us show 

(5.16) Ac(x) >5{n-l- 5)c{x) =n-2. 
We have 

c(x) = / e-^^^^'^^dfxo{0) 
Jdx 

therefore 

Ac{x)= [ [-5AB{x,e) - 5^]dfix{e). 
Jdx 

The sectional curvature Kg of {X,g) satisfies Kg < — 1 we thus have 
—AB(x, 6) > n — 1 and as 5 = n — 2 we get 

Ac(x) > [5{n - 1) - 6'^]c{x) = (n - 2)c(x). 

□ 

The following lemma is due to G.Carron and E.Pedon, [Hj. For a complete 
riemannian manifold Y, we denote //^(y, M) the first cohomology group 
generated by diferential forms with compact support. 

Lemma 5.4 (|H5, Lemme 5.1). Let Y be a complete riemannian manifold 
all ends of whose having infinite volume and such that Ai(y) > 0, then the 
natural morphism 

Hl{Y,R) ^ Hl{Y,R) 

is injective. In particular any a € H^iY,^.) admits a representative a which 
is in L2(y,M). 
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Corollary 5.5. Let C be as above and assume that there exists a compact 
essential hypersurface Z' C X /C' . Then there exists an harmonic n—l-form 
LO in L'^{X/C') such that J^,uj / 0. 

Proof : 

Let a G H^{X/C',R) a Poincare dual of [Z'] G Hn-i{X /C ,R). By defini- 
tion of a, for any (3 £ i7""i(X/C", M), one has 

(5.17) I f^= I 

J Z' Jx/c 

([3] p. 51, note that XjC has a " finite good cover"). 

After Lemma 5.4 , a admits a non trivial harmonic representative a in 
iT'iX jC'). (In order to apply the Lemma 5.4, one has to check that all ends 
of XjC' have infinite volume, ie for a compact K C XjC' each unbounded 
connected component oi X /C — K has infinite volume: this comes from the 
fact that the injectivity radius oi X jC' is bounded below by the injectivity 
radius oi X = X /T and the sectional curvature bounded above by — 1.) 
The (n — l)-harmonic form lo = *a, where * is the Hodge operator, is in 
L'^iX/C) and verifies after (5.17) 

(5.18) / oj = uj/\a= I uj /\*uj = \\uj\'^j2(x iri\ ^ ^^ 
Jz' Jx/c Jx/c y^i^ ) 

□ 

We can now prove the proposition 5.2. Let us briefly describe the idea. 
We consider the iterates F'^ of F' : X/C XjC . As F' is homotopic to 
the identity map, F'^{Z') is homologous to Z' and if uj is the harmonic form 
of the corollary 5.5 we have 

(5.19) / {F"'y{uj)= [ uj = a^O. 
Jz' Jz' 

We don't know if F'^{Z') converges or stays in a compact subset of XjC' 
but we will show that F'^{Z') cannot entirely diverge in XjC and that 
there exists a z' G such that F'^[z') subconverges to a point x G XjC 
with \ J aCn~\F' (x)\ = 1. 

^From (5.19) one gets 

(5.20) 0<\a\ = \ [ {F"')*{oj)\< [ \JacTZ'F"'{z)\.\\u{F"'{z)\\dz 

Jz' Jz' 

where 

\JacTZ'F"'{z)\ = \\DF"'iz)iui) A DF"'{z){u2) A ... A DF'^{z){un-i)\\ 
and (ui, ..,Un-i) is an orthonormal basis of Tz{Z'). 
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Let US define B = {z ^ Z', \ JacF^2:'{^)\ does not converge to }. 

For z e Z' we define the sequence Zk hy zo = z and Zk = F'{zk-i) = 

F'^{z) e X/C. 

Lemma 5.6. There exists z E B and a subsequence Zk^ such that Zkj con- 
verges to a point x E X/C with \ JaCn-i{x)\ = 1. 

Proof : 

We first remark that hma;^oo = 0. This follows the following facts: 

u} is harmonic, u G L^{X/C') and the injectivity radius of X/C is bounded 
below by a positive constant. 

Let us assume that for all z G S the sequence Zk diverges in X/C. Then 
we have, for all z & B, 

(5.21) Mzk)\\ = MF"^{zm^O 

whenever k tends to oo because of the previous remark. 
On the other hand, as ||a;(F"^(z))|| < C and \ JaCn-iF"'\ < 1, it follows 
from (5.20) 



lim I / {F"')*{lo)\ < 
'J^oo Jz' 

lim [ / \\Lu{F"'{z))\\dz + C [ \Jacz>F'^{z)\dz = 

which contradicts our assumption. 

Thus there exists a point z E Z' such that 

(5.22) \Jacz>F"'{z)\^ a^Q 

and such that there exists a subsequence Zfe . = F'^^ [z) with 



(5.23) limj^ooZkj = xe X/C. 

The property (5.22) comes from the fact that the sequence \Jacz'F"^{z)\ 
doesn't tend to zero and is decreasing (because \JaCn-iF'\ < 1). 
Let us define 

Eo = T,Z',E, = DF\z)iEo) 

and 

Ek = DF'{zk-i){Ek-i) C T,^{X/C). 
As Zkj — X we can assume, after extracting again a subsequence, that 
Ek- E C Tx{X/C). On the other hand we also have 

(5.24) \Jacz'F'^{z)\ = \JaCE,_,F\zk-i)\\JacE,_,F'{zk-2)\...\JacEoF'{z)\ 
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We know that \ JacE^^F' {zk)\ = 1 — where < < 1. As z G 0, we 
have 

hm 7r'^=i{l - Cj) = a > 

therefore hm^^oo Cfc = and by continuity we have \ JacEF' {x)\ = 1. □ 

Now we can finish the proof of the step 1. Let consider a hft of x in X 
and E in TX that we again cah x and E. Then we have \JacEE'{x)\ = 1. 
□ 

Let us remark that corohary 4.4 and (5.19) give another proof of the in- 
equality 6 > n — 2, which does not use the isosystohc inequahty, ie. Theorem 
3.3. 

Step 2 : The weak tangent of dX and Ac 

We first recall the definition of the Gromov-distance on dX. 
For two arbitrary points 9 and 9' in dX let us define 

(5.25) l{9,9') = inf{t > Q/ dist{ae{t),aei{t)) = 1} 
and 

(5.26) d{9,9') = e-'^''''^ 
then d is a distance on dX. 

We now recall a few definitions following [1]. A complete metric space 
(5, d) is a weak tangent of a metric space (Z, d) if there exist a point G S, 
a sequence of points Zk ^ Z and a sequence of positive real numbers — > oo 
such that the sequence of pointed metric spaces (Z, A^d, z^) converges in the 
pointed Gromov-Hausdorff topology to (5, d, 0) where (Z, A^d) stands for 
the set Z endowed with the rescaled metric A^d. 

Let us recall that the sequence of metric spaces {Zk-,dk., z^) converges to 
(5, d, 0) in the pointed Gromov-Hausdorff topology if the following condi- 
tions hold, (cf. (B-B-I), definition 8.1.1). 

Definition 5.7. We say that the sequence of metric spaces {Zk^dk, z^) con- 
verges to {S,d,o) if for any R > 0, e > there exists such that for any 
k > ko there exists a (non necessary continuous) map f : B[zh^R) S 
such that 

(i) f{zk)= 0, 

for any two points x and y in B[zi^,R), 

(ii) \d{f{x)J{y))-dk{x,y)\<e, 
and 

(Hi) the e-neighborhood of the set f{B{zk, R) contains B{0, R — e). 

In the previous definition, B{zk, R) stands for the ball of radius R centered 
at the point Zk in {Zk,dk)- 
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For a metric space {Z, d) we will denote WT{Z, d) the set of weak tangents 
of {Z, d). 

Let r a cocompact group of isometrics of {X^g) a n-dimensional Cartan 
Hadamard manifold of sectional curvature Kg < — 1 and C a subgroup of 
r. The limit set Ar of T is the full boundary dX namely a topological 
(n — 1)— dimensional sphere We endow dX with the Gromov distance 

d defined in (5.26). In Lemma 5.2, M.Bonk and B.Kleiner show among 
other properties the following 

Lemma 5.8. For any weak tangent space {S, d) in WT{{dX, d)), S is home- 
omorphic to dX less a point, thus to M"^^. 

In fact the crucial asumption in the above lemma, coming from the co- 
compacness of L, is the property that any triple of points in dX can be 
uniformly separated by an element of F, ie. there is > such that for any 
three points 61,62,63 G dX there exists a 7 G F such that d{'j6i,j6j) > 6 
for all 1 < z 7^ J < 3. Following the argument of M.Bonk and B.Kleiner one 
can show that if C is a subgroup of F such that one weak tangent {S, d) 
of {A.c',d) is in WT{dX ,d) and enough triples of points of A^^ can be uni- 
formly separated by elements of C", then 5 is homeomorphic to h.c' less a 
point. In particular, A^-/ is homeomorphic to dX. 

Lemma 5.9. Let C C dX he a closed C -invariant set and 9q € C. We 

assume that there exist a sequence of positive real numbers ^ 00 such that 
the sequence of pointed metric spaces (£, X^d, 60) converges in the pointed 
Gromov- Haus dor jf topology to {S, d, 0) where {S, d, 0) is a weak tangent of 
(dX,d). We also assume that there exist positive constants C and 5, a 
sequence of points 6q = 9q,9\,92 € C and a sequence of elements 7^ G C 
such that C-^A^^ < d{9f,9'^) < CX^^ and dijkO- ,lk6j) > 6 for all < 

1 ^ j < 2. Then, S is homeomorphic to C less a point. In particular C is 
homeomorphic to dX. 

The proof of this lemma is postponed in the Appendix. 

Step 3 : The limit set Kc of C and the limit set Ac of C are equal 
to a topological equator. 

We have shown in step 1 that Ac is a subset of some topological equator 
^(c5o). 

Let o G X and E C TqX be such that \JacEF{o)\ = 1 and E{oo) is the 
equator associated to E. 

Recall that there exists a subgroup C of C which globally preserves an 
hypersurface Z' C X and that Z'/C C X/C is compact. Furthermore Z' 
separates X into two connected components U et V. We can assume that 
U and V are globally invariant by C after having replaced C by an index 

2 subgroup. 

The limit set Ac of C is contained in Ac, therefore Ac C E{oo). 
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We will show that Ac = E{oo). 

For any subset W E X we define the boundary at infinity dW of W by 

(5.27) dW = Cl{W) n dX 

where Cl{W) stands for the closure of in X U dX. 
As Z' /C is compact, Z' is at bounded distance of the orbit C'z of some 
point z in Z', thus 

(5.28) Cl{Z') ndX = Ac 
By definition we have Ac C dU and Ac C dV. 

Lemma 5.10. Let us assume that Ac E{oo), then either dU = Ac or 
dV = Ac. 

Proof: We know that Ac C dU and Ac C dV . 

Let us assume that the conclusion of the lemma is not true, so there is 
(edij- Ac and 9 € dV - Ac- 

As Ac C E{oo), Ac 7^ £'(oo) and dX is a sphere, any two points of 
dX — Ac can be joined by a continuous path contained in dX — Ac and 
so does C and 6, joined by such a path a. 

The set Z' U Ac is a closed subset of X U dX thus there is an open 
connected neighborhood W of a in X U dX contained in the complementary 
of Z'U Ac- 

As C and 6 can be approximated by points in U and V respectively there 
exist points x E U r\W and y eV DW that can be joined by a continuous 
path by connectedness of W, which leads to a contradiction. □ 

Remark 5.11. In fact, we are going to show that under the assumption 
5{C') = n — 2, it is impossible to have dU = Ac or dV = Ac- 

For any x & X and 9 € dX let us denote HB{x,9) the open horoball 
centered at 9 and passing through x. 

Lemma 5.12. Let us assume that dU = Ac- Then there exist 9o € Ac 
and z' e Z' such that HB{z', 9q) dU- 

Proof : Let us recall that X/C'-Z' = UVJV where U = tt{U) V = tt{V) 
and TT ■- X ^ X /C' is the projection . 

We know that U and V are unbounded. Let Xn a sequence of points 
in U such that dist{xn,Z') oo. Let Zn G Z' such that dist{xn, Z') = 
dist{xn, Zn)- We consider a fundamental domain D d Z' oi C - There exist 
lifts Zn G D and Xn & U such that dist{xn, Z') = dist{xn,Zn) tends to 
infinity. 

By compactness we can assume that a subsequence Xnj converges to a 
point ^0 € dX and also converges to a point z e D- Furthermore 
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the sequence of open balls B(xnj, dist{xnj, Znj)) C U converges to the open 
horoball HB{eo, z)eU. D 

Proposition 5.13. Ac = E{oo) and Aq = E{oo). 

We first describe the idea of the proof and next state some facts we will 
need in order to do it. 

As Ac' C Ac C E{oo) the proposition boils down to proving that Ac = 
E(oo). Let us assume Ac ^ E{oo) and find a contradiction. 

We will show that for any sequence 9i converging to the geodesic start- 
ing at a point o such that \JaCn~iF{o)\ = 1 and ending at 6i crosses the 
hypersurfacc Z' in a point Zj. For an appropriate choice of such a se- 
quence 9i (roughly speaking, the sequence 9i is chosen to be converging 
to Oq " transversally to Ac"), the shadow (defined below) projected from 
o through some geodesic ball B{zi,r) will not intersect Ac- On the other 
hand this shadow has to meet the limit set Ac because of the shadow lemma 
of D. Sullivan, which leads to a contradiction. 

Precisely, by Lemma (5.10) and Lemma (5.12) we know that dU = Ac 
and that there exists an open horoball HB{9o,z) C U centered at a point 
9 € Ac, and whose closure contains a point z G Z'. 

Let o E X and E G TqX an hyperplanc such that F{o) = o, \JacEF{o)\ = 
1, and Ac C E{oo) where E{oo) is the topological equator associated to E. 

For each 9 G dX we denote by ae the geodesic starting from o and such 
that ag{+oo) = 9. 

Let 9i G dX — E(oo) = dV — dU be a sequence converging to ^o- By 
continuity, for each i large enough, the geodesic uq^ spends some time inside 
the horoball HB{9q,z) C U and ends up inside V because 9i converges to 
^0 and 9i belongs to dV — dU. 

Thus ag^ eventually crosses Z'. Let Zi G ag. fl Z'. As Z'/C is compact, 
there is an element 7^ G C such that Zi = ^i{xi) where Xi is a point in 
the closure Z) of a fundamental domain D for the action of C on Z' . The 
points ^i{xi) and 7^(0) stay at bounded distance because dist{^i{xi), 7i(o)) = 
dist{xi,o) < dist{o,D) + diamD. In particular, limi^ooli{o) = ^o- 

We have proved the 

Lemma 5.14. Let 9i G dX — E(oo) be a sequence which converges to 9q. 
There exists a constant A such that for i large enough there exists Zi G 
Z' n and 7j G C such that dist{zi,^i{o)) < A and both zi and 'yi{o) 
converge to 9q. 

Let x and y two points in X. 

We define the shadow 0{x, y, R) C dX of the ball B(y, R) enlighted from 
the point x by 



(5.29) 



0{x,y,R) = {a{+oo)} 
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where a runs through the set of geodesic rays starting from x and meeting 
Biy,R). 

Let {fj.x}x be a family of Patterson measures associated to the discrete 
group C with critical exponent 6' = 6{C'). 

The following shadow lemma is due to D.Sullivan. 

Lemma 5.15. ^H]; ^Hj; 120]- There exist positive constants C and R such 
that for any y in X, L'y{0{y,-f{y), R)) > Ce'''^^?'''^^?')) 

Corollary 5.16. Let z-i he defined in lemma (5.14), then we have 0{o, Zi,R+ 
A) n Ac 7^ for i large enough. 

We now prove that for a good choice of 9i, the shadow 0{o,Zi,R + A) 
(with Zi associated to 6i as in lemma 5.14) never meet Aq/ for all large i's, 
ie. for any 6 G Aq' the geodesic ao does not cross B{zi, R + A). We have no 
control on the radius R coming from the shadow lemma nor on the constant 
A but we will show 

Proposition 5.17. There exists a sequence 6i G dX — Ac such that 9i 
converges to 9q and 

limi^ooinfeeAcidist{zi,a0) = +oo 

where Zi = Z' f] ag- has been constructed in lemma (5.14). 

Corollary 5.18. For i large enough, 0{o, Zi, R + A) H Ac' = 0. 

The corollary (5.16) and the corollary (5.18) lead to a contradiction, which 
ends the proof of the proposition (5.13). 

The end of the paragraph is devoted to proving the proposition (5.17). 

Lemma 5.19. Let Oi be a sequence of points in dX converging to 6q and Zi 
constructed in lemma (5.14)- Assume that 

liminfi^ooinfeeAc'dist{zi,ag) = C < +oo then lirrii^oo^^^j^^ = 0. 
Proof : We first show that 

(5.30) lim dist{zi,a0^) = co 

j— >oo 

Recall that, for any z G X and G dX, B{z,0) equals the decreasing 
limit as t tends to infinity of dist{z, a0{t)) — dist{o, ag{t)) where ao{t) is the 
geodesic ray joigning o to 9. Therefore, as the points Zi G Z belongs to the 
complementary of the fixed horoball HB{z, 9q), we have, 

(5.31) dist{zi,agg(Ti) > Ti + B{z,9o) 
where dist{zi, agg{Ti)) = dist{zi,ag,^). 

On the other hand, as Zi tends to ^Oi Ti tends to infinity so (5.30) is 
proven. 
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Let ti be such that Zi = ag.{ti). By (5.30) we have 
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(5.32) hm dist{aei{ti),a0Q{ti)) = oo. 

i-+oo 

Let ■Uj be such that 

(5.33) dist(Q;ei(ui),aeo(ui)) = 1, 

then in particular Ui < ti for i large enough and by the triangle inequality 
we have 

(5.34) dist{ae,{ti),ag^{U)) < 2{U - Ui) + L 
By (5.32) we get 

(5.35) lim {ti — Ui) = +oo. 

Let us assume there exists a sequence 9'^ G and a constant C such 
that 

(5.36) dist{zi,aQi) <C< +oo. 

We can assume that C >1. 
Let Vi be such that 

(5.37) dist{zi,agi) = dist{zi,agi{vi)). 
By triangle inequality, 

(5.38) \ti-Vi\<C 
and, 

(5.39) dist{ag,{ti),ae,{ti)) < 2C. 

On the other hand, as the curvature of X is bounded above by —1, a 
classical comparison theorem gives for any t G [0,ti], 

rr ■ w ^^■^^("e' W , "Si W ) , ^ . siukt 

(5.40) smhi ) < smhC. ;— . 

^ ' ^ 2 ^ - smhti 

Let Si be such that 



(5.41) 



dist{aQl,{si),a0^{si)) = 1. 
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There are two cases. Either Si > U or Si < ti. If Si < ti, we get from 
(5.39) and (5.40) the existence of a constant A such that for any i, 



(5.42) Si>ti- A, 

and this inequahty also holds when Si >ti. 
^From (5.42) we get 

therefore, thanks to (5.35) we obtain 



f5 44) Urn- ^^^^'^^^ - 

which ends the proof of lemma (5.19). □ 

Lemma 5.20. Let us assume that for every sequence 9i of points in dX 
converging to 6q, lirrii-^oo '^d{e^eo) ~ ^' — > oo 6e such that the sequence 
of spaces {dX ^X^d^Oo) converges to a space {S,d,0) in the pointed Gromov- 
Hausdorff topology, then the sequence of spaces {Ac',Xkd,Oo) also converges 
to {S,d,0). 

Proof : Let us define 

^(^) =-■ ^M '!if.'l'^;\ M 0o,d{e,eo) < e}. 

The assumption says that 



(5.45) lime^or{e) = 0. 

For an arbitrary metric space (Y.d,) and Y' a subset of Y, let us denote 
B(Y.d) iUi ^) the closed ball of {Y, d) of radius R centered at y E Y, and 

uP^''^\y') the e-neighborhood of Y' in {Y, d). For a metric space {Y, d) and 
a positive number A, let us denote XY the rescaled space {Y, Ad). 
By definition of the function r, we have for any R, 



(5.46) cB^^g^{eo,R + 2ek). 

where =: Rr{R/Xk). 

Let us fix a > 0. By definition 5.7, for any i? > 0, e > 0, there exist a 
map / : dxi^o, R + a) ^ S such that for k > ko, 
(i) /(^o) = 0, 

for any two points x and y in B^ gxi^^^ R + a) , 
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(ii) \d{f{x),fiy))-Xkd{x,y)\<e, 
and 

R %,j)(0,i? + «-6) cZ^PV(5;,^ax(^o,i? + «)). 

Moreover let us prove: 
(iv) %,j)(0, - 2e) C U^'''^f{B^^g^{eo, R)). 

Indeed, let z G i^^.^. j>)(0, R—2e). By (iii), there exists € B^^.)j^{6o, R+a) 
such that < e. Since 0) < R — 2e, we thus deduce from triangle 

inequality d{f{9),0) < R — e, and therefore we get, thanks to (i) and (ii), 

Afed(0,0o) <R. n 

By (5.45), for e small enough, there exists ki > ko such that for any 
k > ki, then 2ejt < e and 



Therefore, by (5.46) and the above properties (i),(ii),(iii) and (iv) of the 
map /, and the triangle inequality we get, 

%,d-)(0,i? - 2e) C Z^f ''^V(i?A,ax(^o,i?)) 

C U^/''^^fiU^f^B,^A^, {00, R + efe)) 

c4%%f{Bx,A^,{9o,R + ek)). 

About the second inclusion above let us remark that the set U^^^'^ Bx^.a^, {Oq, R+ 
efe) is contained in B^^gj^{6o,R + 2ek) C B^q^{6o,R + a), so that we can 
apply / to this set. 

^From the above inclusions we obtain 

Bis,d) (0' ^ - 3e) C wif4i/(^A,Ae, (^0, R)) 

which implies the convergence of (A^/, A^d, ^o) to {S, d, 0). 

□ 

Corollary 5.21. Let us assume that for every sequence 9i of points in dX 
converging to Oq and Zi the sequence of points constructed in lemma (5.14), 
liminfi^ooinfgeAfy,dist{zi, ag) < +oo. Let \k ^ oo be such that the se- 
quence of spaces {dX, X^d, Oq) converges to the space {S, 6, 0) in the pointed 
Gromov-Hausdorff topology, then the sequence of spaces {Ac',Xkd,do) also 
converges to {S, 6, 0) . 

We will show now that there exist a sequence of points 61,62 € Ac 
converging to Oq, such that the mutual distances d{9i, 62), d{6i, Oq), d{62, Oq) 
is tending to zero at the same rate, and the triple 61,62, 60 can be uniformly 
separated by elements jk E C. 
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Lemma 5.22. Assume that every weak tangent of {dX,d) at Oq belongs to 

WT{Ac' ,d), then there exist positive constants c, S, a sequence tending to 

when k tends to og, a sequence 'jk G C", a sequence of points 61,^2 ^ 

such that for i = 1,2, 

c-hk<di9lel)<cek, 

c^^Ek < d{9^,9o)) < cek and 

d{lkd1,lkdl) > S, dijkOtlkOo)) > s. 

Proof : For any x e X U dX and y e X U dX let us define a^^y the 
geodesic ray joining x and y. Let o & X and E G T^X be such that 
\JacEF{o)\ = 1 and E{oo) the equator associated to E. Let 7^ € C" be a 
sequence such that 7^(0) converges to the point Oq where Oq € Ac is the 
point coming from lemma 5.12. In particular, according to that lemma, 
there exist a point z G Z' such that the hypersurface Z' is contained in the 
complementary of the open horoball HB(z,6o). Wc define D := dist{z,o). 
As Z' lies outside the open horoball HB{z,6q), the points 7^(0) belong to 
the complementary of the open horoball HB{azfiQ{D),9o). By standard 
triangle comparison argument (comparison with the hyperbolic case) the 
angle Angle{a^^^o),eo^ce-tk{o),o) between the two geodesic rays a^^{o),eo and 
CK7fe(o),o satisfies : 

(5.47) limk-,ooAngle{aj^^o),eo^O'-yk{o),o) = 0- 

By equivariance we have Aqi C (7fc£^)(oo) where C T^^^^^X. For any 
V G TX let av be the geodesic ray such that a^(0) = v. Let us denote by 
Uk the unit vector in ^y^E such that (+00) = 9o and let us choose some 
Wk G "ykE such that < Uk,Wk >= (this is possible because n — 1 > 2. 

We claim now that there exist Vk G ^kE such that the angle between Vk 
and Wk is not too far from or tt, namely 

1 

(5.48) I < ^^fc.'u^fe > I > 



(n - 1)1/2 ' 



and a,„^(+oo) G Ac or ayf^{-oo) G Ac- 
Let us prove this claim. 

According to Proposition 5.1 and to (5.11), the restriction to of the 
quadratic form h{u) = J DB{'yk{o),9){u)^diJ,^i^(^o-^{9) verifies 



(5.49) h^,Eiu) = 



MP 



n 



Therefore, if for all u G 'yk{E) such that au{+oo) = 9 G Ac we had 
\ < u,Wk > \ < (^^_\y/2 : then one would get h{wk) < which contradicts 
(5.49) and proves the claim. 
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In particular the angle between Uk and Vk is not too far from 7r/2 for k 
large enough, ie. 



/n-2\V2 

(5.50) \ < Uk,Vk > \ < 



n — 1/ 

and thanks to (5.47), we have for k large enough 



(5.51) I < d^,(o),o(0), > I < ) . 

Let us now assume for example that 9k = a^j.(+oo) E Ac- Let us show 
that 



(5.52) limk^ood{9Q,9k) = 0. 

Assume that (5.52) is not true. Then, one can assume after extracting a 
subsequence that 9k converges io 9 ^ 9^. Therefore the geodesic rays a-y^(o),o 
and would converge to the geodesies a^co and ae^^ and thus the angle 
^n(//e(a^j,(o),o) CKiife) would converge to 0. But this would contradict (5.51). 

Let us now denote =: d{9k,9o). According to (5.52), lirrik-^oo^k = 0. 
We now consider the following sequence of pointed metric space (5X, e^^d, 6*0)1 
a subsequence of which being converging to some metric space (S", 5), cf[]. 
For convenience we still denote by the same index k the subsequence. By 
the corollary 5.21, the sequence (Ac-/, e^^d, 6*0) also converges to {S,5). Ac- 
cording to lemma 5.8, the space S is homeomorphic to M"^^. In particular 
there exist a sequence of points 9'^ € A^/ and a constant c such that 

(5.53) c-\k<d{9k,9'f,)<cek, 



(5.54) c-\k<d{9l9^))<cek. 

Thus, the points 9i = 9k and 9^ = 9'j^ satisfy the two first properties of 
lemma 5.22. 

In order to complete the proof of lemma 5.22, we will show that the 
elements % =: 7^^ uniformly separate ^Oi 9\ and 6*2. 

Thanks to (5.50) the angle at 7^(0) between 9\ and is uniformly 
bounded away from and vr and so does the angle at o between 7^^(^i) 
and 7^^(0o)- Therefore, as the angle is Holder-equivalent to the distance d, 
cf. Iini, there is a constant c such that 



(5.55) 



d{lk\0'^),lk\Oo))>c. 



32 



GERARD BESSON, GILLES COURTOIS, SYLVAIN GALLOT 



Now the cocompact group T acts uniformly quasi-conformally on {dX, d), 
(Ul and Theorem 5.2), and so does C C T, therefore 

(5.56) d{j^\e'i),^-'iel))>c, 

and 

(5.57) d{^^\9l),j,\6o))>c. 

which ends the proof of lemma 5.22. □ 
Proof of Proposition 5.17 : 

Let us assume that for every sequence 9i of points in dX converging to 
^0, lirninfi^ooin'fg^/^^,dist{zi,ag) < +oo, then by corollary 5.21 and lemma 
5.22 there exist a positive constant c, a sequence tending to when k tends 
to oo, a sequence £ C, a sequence of points 61,62 £ such that 
c-^ek<di6'l,6^)<cek, 
c"^efc < d{6^,6o)) < c€k and 
di-fk6ljk6l) > 6, d{-fk6t7k6o)) > 6. 

Applying lemma 5.9 for C = Aq' and = e^^ we conclude that Ac' 
is homeomorphic to dX, which is impossible because Ac is contained in a 
topological equator E{oo). □ 

Step 4 : C and C are convex cocompact. 

We first define convex cocompactness. For a discrete group C of isometrics 
acting on a Cartan Hadamard manifold of negative sectional curvature with 
limit set Ac, one defines the geodesic hull G{Ac) of Ac as the set of all 
geodesies both ends of whose belong to Ac. 

The geodesic hull of Ac is a C invariant set. One says that C is convex 
cocompact if Q{Ac)/C is compact. 

Lemma 5.23. C is convex cocompact. 

Proof : Let us denote tt : X ^ X/C' the projection. Assume that C is 
not convex cocompact. Then, there exist a sequence Xn G Q{C) such that Xn 
tends to infinity. In particular dist{xn, Z') — > +00, where Z' = Z'/C' is the 
compact hypersurface which separates X/C in two unbounded connected 
components. There exist lifts x„ of x„ such that 

(5.58) x„ ^ 6*0 G Ac 

(5.59) dist{xn, Z') = dist{xn, Zn) 

where z„ € Z' is bounded. Therefore there exist z £ Z' 
such that HB{z, 6q) C U, where U is one of the two connected components 
of X — Z', the other being V. 
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We recall that ^A , M are the two connected components of dX — Ac- 
We also have dZ' = Ac = E{oo), and after possibly replacing C by an 
index two subgroup, we can assume that C preserves U and V. 

Claim : There are the two following cases. 

Either one of the two boundaries dU or dV is equal to Ac (in this case 
the other boundary is equal to dX), or dU = M and dV = M, where M 
and M are the closure of M and J\f. 

Let us prove the claim. We first remark that if there exist 9 € dU Pi Ai, 
then M. C dU. Namely, let ^ be any other point in M and a a continuous 
path in A4 joining 9 and ^. Since the set Z' U Ac is a closed subset in 
X U dX, there exist an open connected neighborhood W oi a in X U dX 
contained in the complementary of Z' U Ac'- Therefore, as W CiU 7^ 0, we 
have W r\ X C U and ^ G dU. Let us assume that neither dU nor dV is 
equal to Aqi . Then, each boundary dU and dV contains Ai or J\f. But on 
the other hand, since the set Z' U Ac is closed, {dU - Ac) n {dV - Ac) = 
thus we have dU = M. and dV = Af 01 the other way around and the claim 
is proved. 

Case 1 : dU = Ac and dV = dX or the other way around. 
In this case, we are in the situation of the step 3, which leads to a con- 
tradiction, cf. remark 5.1L 

Case 2 : dU = M and dV = M. 

In that case, assuming C is not convcx-cocompact, there exist an open 
horobah HB{9o, z) C U where 9oeAc,z€ Z', dU = M and dV = M. We 
will find a contradiction in a similar way as in case 1, ie. step 3. We consider 
a point o e X and an hyperplane E C TgX such that \JacEF{o)\ = 1 and 
Ac = E{oo). 

Let 6i G M he a sequence which converge to ^o- By continuity, for i 
large enough, the geodesic ray agfi^ spends some time in HB{9o, z) C U and 
ends up in V because 9i converges to and 9i belongs to A/" = dV — Ac- 
Therefore, a^.e- eventually crosses Z'. Let Zi be some point in Z' n ctf^ g.. 

We will prove the following Proposition, similar to the Proposition 5.18, 

Proposition 5.24. There exist a sequence 9i E Af such that Oi converges to 
9o and 

limi-^ooinf0^Xc,dist{zi,a0) = +00 

where Zi E Z' n ag^ . 

Remark 5.25. The difference between the propositions 5.24 5.18 is that 
we are looking for a sequence Oi G J\f instead of Oi G dX — Ac ■ 

Assuming the Proposition 5.24 we find a contradiction in the same way 
as in step 3. Namely, as Z'/C' is compact, the points Zi e Z' D ao^ stay at 
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bounded distance from the C'-orbit of a fixed point, say, o, thus there exist 
a constant A> and elements 7^ G C such that for any i, 

(5.60) dist{zi,jio) < A. 

^From (5.60) and the shadow lemma 5.15, we obtain 0{o, Zi, R+A)nAc' 7^ 
0, and on the other hand, from the proposition 5.24, we have 0{o, Zi, R+A)r\ 
Ac" = 0, which gives the contradiction. It remains to prove the Proposition 
5.24. 

Proof of the proposition 5.24 : We argue by contradiction, like in 
the proof of the proposition 5.17. Let us assume that there exist a con- 
stant C > such that for any sequence of points 6i E J\f converging to 
limi^ooinf0^/<^^,dist{zi,a0) < C, then by lemma 5.19, we have for any such 
sequence 9i € M 

(5.61) hm,_oo ^^^.^^^^ -0. 

The proof of the following lemma is the same as the proof of lemma 5.20. 

Lemma 5.26. Let us assume that for any sequence 9i E Af conveging to 6q, 
lirrii^oo '^^d(eu9o) ~ ^' i'^k} be a sequence of positive numbers tending 
to +00 such that the sequence of spaces (dX , X^djOo) converges to a space 
{S,6,0) in the pointed Gromov-Hausdorff topology, then, {M,Xkd,6o) also 
converges to {S, 5, 0) . 

Proof : Since Ac C M, the assumption implies that lime-+or{e) = 
where 

and the proof goes the same way as in lemma 5.20 replacing Ac by M. 

□ 

Similarly to the lemma 5.22, we have the 

Lemma 5.27. Let us assume that every weak tangent of {dX,d) at 9q be- 
longs to WT{{A4, d)). There exist positive constant c, 6, a sequence 
tending to when k tends to +00, a sequence of ^ C' , a sequence of 
points 9q = 6q,9\, 9^ e M such that for j E {0, 1, 2], 

c~^ek < d{9f,9j) < CEk and 

We can now end the proof of the proposition 5.24. Let us assume that 
there exist a constant C > such that for every sequence 9i of points in J\f 
converging to 9q, limi^Qoi'nfeeA(^,dist{9i,ag) < C, then by (5.61), lemma 
5.26 and lemma 5.27, there exist a sequence tending to when k tends to 
00, a sequence 7^ G C, a sequence of points 9q = 9q, 9\, 92 E M such that 
for z^iG {0,1,2}, 
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c-^efc < d{d^,d^) < c€k and 

Applying the lemma 5.9 ioi C = M. and = e^^, ^, we conclude that is 
homeomorphic to dX, which is impossible because dX is a sphere, and M. 
is homeomorphic to an hemisphere. This ends the proof of the proposition 
5.24. □ 

Corollary 5.28. C is convex cocompact. 

Proof : The subgroup C of C is convex cocompact and the limit sets of 
C and C coincide by step 3, therefore C is convex cocompact. □. 

Step 5: C preserves a copy of the (n — l)-dimensional hyperbolic 
space H"^ totally geodesically embedded in X. 

From the steps 1-4, we know that the groups C and C are convex cocom- 
pact, and that their limit set Ac and Ac are equal to a topological equator 
E{oo). 

Let us consider the essential hypersurface Z' C X /C' . We will show that 
there exist a minimizing current representing the class of Z' in Hn-i{X /C , M) 
and that this minimizing current lifts to a totally geodesic hypersurface em- 
bedded in X. We will then show that this totally geodesic hypersurface is 
eventually hyperbolic. 

We work in X/C and consider the essential hypersurface Z' C X/C. 
We will now prove that there exist a minimal current representing the class 
of Z' in (X/C, M). Let {Zj.} be a minimizing sequence of currents 

homologous to Z'. The othogonal projection onto the convex core of X/C 
is distance nonincreasing and thus volume nonincreasing. Therefore we can 
assume that the Z^s are in the the convex core of X/C' , which is compact. 
By ^21 (5.5), the sequence {Z^} sub converges to a minimal current Z^o 
in X/C. By (8.2), Z^o is a manifold with possible singularities of 
codimension greater than or equal to 8. By corollary (4.4) and minimality 
we get that \ JaCn-iF{x)\ = 1 at every regular points x £ Zoq. We will use 
the fact that \JaCn~iF{x)\ = 1 at every regular points x € Z^o in order to 
prove that Z^ is a totally geodesic hypersurface. 

Lemma 5.29. Let x and y two distinct points in X and Ex C T^X , 
Ey C TyX he such that JaCn-iF'{x) = JacE^F'{x) = 1 and JaCn-iF'{y) = 
JacEyF'{y) = 1. Then, the geodesic ax^y (resp. cty^x) joining x and y 
(resp. y and x) satisfies dix,y{^) € Ex, (resp. diy^x{^) £ Fy). In particular, 
oix,y{+co) and ay^x{+^) belong to Kc' ■ 

Proof: Let Sx and Sy be the unit spheres of Ex and Ey. For any unit 
tangent vector u G T^X at some point z, we define 9u S dX by azfiu{^) = u. 
By step 3, Ac = Ex{oo) = Ey{oo), therefore for every u G Sx, 0^ £ Ac and 
there exist v G Ey such that 6u = 0^. As Ey is a vector space, belongs to 
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A(7' therefore there exist w G Ex such that 9^ — 0—^. The map / : Sx ^ Sx 
defined by f{u) = w is a continuous map. The lemma then boils down to 
proving that there exist u € Sx such that /(n) = —u because in that case, 
X, y and 9u are on the same geodesic ax,6»„- 
The following properties of / are obvious. 

(i) For every u & Sx, f{u) ^ u. 

(ii) fof = Id. 

So / is an involution of the sphere without fixed point and for any such 
map, we claim that there exist u in the sphere such that f{u) = —u. In order 
to prove the claim, we follow a very similar argument in ^S], theorem 1. We 
argue by contradiction. Let us assume that for every u £ Sx, f{u) / —u. 
The map g : Sx ^ Sx defined by g{u) = , is then well defined and 

continuous. Let us remark that as for every u € Sx, f{u) ^ —u, then / 
is homotopic to the Identity, and so is g. Moreover by (ii) we clearly have 
9 ° f = 9i thus the map g factorizes through Sx/Gf where G/ is the group 
generated by the involution /. By (i) / has no fixed point thus Sx/Gf is a 
manifold and the projection p : Sx ^ Sx/Gf is a degre 2 map. Therefore, 
the induced endomorphism g^, on Hn-i{Sx,'^2) is trivial, which contradicts 
the fact that g is homotopic to the Identity. □ 

Corollary 5.30. Let Ti.^~^ C X be an hypersurface with possibly non empty 
boundary dW^^^ , such that for any x S W""^, JaCn-iF'{x) = JacE^F'{x) = 
1, where Ex is the tangent space of 7Y"~^ at x. Let us consider x G 
H"'~^ such that distj^{x,dH"-~^) = r > 0. Then, for any x' G 7Y"~^ with 
distj^{x,x') < r, the geodesic ax,x' joining x and x' is contained in TC^~^. 
In particular, H^~^ is locally convex. 

Proof of the corollary: Let us fix G Ac and consider the vector 
field VB{y,e) in X. Let x G W"-^ As JacE^F'{x) = 1, we have by step 
3 Ac = Exioo). Then, for any x G VB{x,e) is tangent to TT"^ , 

therefore the geodesic axfi satisfies axfi{t) G W""^ for all t G [0, r). Let 
x' G TT-^^. By lemma 5.29, da;,a;'(0) G Ex, therefore 

(^x x' — o.x,o and 

ax,x'{t) G W--^ for ah t G [0,r). □ 

We now provG tli9,t Zqq is a totally geodesic hypersurface in X/C'. Let 
us recall that Zoo is a manifold which is smooth except at a singular subset 
of codimension at least 7. Let us consider a lift Z^o C X of Z^o and denote 
Z^^ (resp. Z^^) the set of regular (resp.) singular points of Zoo- 

Lemma 5.31. Z^ is a totally geodesic hypersurface in X . 

Proof: Let us consider a regular point x G Z^^ . We shall show that for 
every point x' G Z^^ the geodesic segment joining x and x' is contained in 
Zoo, and as the set of regular points is dense in Zqo (as the complementary 
of a subset of codimension at least 8), this will show that Zoo is totally 
geodesic. 

We claim that there exist a sequence yk G Z^^ such that limfc_^oo Vk = x' 
and the geodesic segment joining x and yt is contained in Zoo- 
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The claim immediately implies that the geodesic segment joining x and x' 
is contained in Z^a- 

Let us prove the claim. 

For y G we consider ax,y the geodesic joining x and y and define 

(5.62) ty = inf{t > 0, a^^yit) ^ Z^} 

As a; is a regular point, by corollary 5.30, there exist e > such that 

ty>t. 

In order to prove the claim, we argue by contradiction. Let us assume 
that there exist r > such that for any y G Bj^{x', r) fl Z^^ , ty < dist{x, y). 
By corollary 5.30 applied to Z^^ , we have cex,y{ty) € Z^^ . As the set 
of regular points is an open subset of Z^o, if r is small enough we have 
Bj^(x',r) n Z^^ = B-^{x',r) fl Z^q. We choose such an r and we consider 
the set S of all singular points contained in the union of all geodesic segments 
joining x to a point y G Bj^{x',r) n Z^o. Let us consider the map defined 
on S by 

p{y) = Oix,yie). 

As we already saw, for any y € B-^(x' ,r) H Z^o, we have ty > e, therefore 
the map p is distance decreasing and by assumption p is surjective onto an 
open subset of the sphere and p{S) is homeomorphic to an open subset of 
M"~^, therefore the Hausdorff dimension of S is greater than or equal to 
n — 1, which contradicts the fact that the singular set has codimension at 
least 8 in Z^. □ 

The totally geodesic hypersurfacc Z^ C X is preserved by C, and Z^jC 
is of minimal volume in its homology class. 

Let us prove that Z^a is isometric to the hyperbolic space BIJ^~^. 

Lemma 5.32. Z^ is isometric to the hyperbolic space IHI]^~^. 
Proof : 

As Z^jC is of minimal volume in its homology class, we have by Propo- 
sition 5.1, for all X G Z^^ JacE^F{x) = 1 and F{x) = x, where is the 
tangent space of Z^^, at x. Moreover, we saw in the proof of proposition 5.1 
that 

1 1 

therefore we get from (4.11) and F{x) = x, that for all u,v & T^Z^o, 
[DdB^x,e) {u, v) + DB^xfi) {u)DB^x,e) {v)]dux (9) 




(5.63) 
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where g is the metric on X. As Z^o is totally geodesic, the relation 
(5.62) remains true with the Busemann function B^'^ of Z^o instead of the 
Busemann function B oi X: 

(5.64) =5(^^,t')- 

On the other hand, as Z^o is totally geodesic, its sectional curvature is 
less than or equal to —1, thus by Ranch comparison theorem, we have 

(5.65) DdB^'^ {x, 9) + DB^^ {x, 9) DB^'^ {x, 9) > g^^ 

for all 6 G dZ^ = Ac, where g^^ is the restriction of g to Z^. 

As the support of the measure is dZ^o = Ac (by convex cocompactness 
of C) and the Busemann function is continuous, we get from (5.64) and (5.65) 
that for all x G Z^o and all 6 G Z^o 

DdB^^ (x, e) + DB^^ (x, e) (g) DB^^ {x, 9) 

(5.66) =~9zJ^)- 

and this last relation is characteristic of the hyperbolic space. □ 

Step 6: Conclusion 

So far we have shown that C preserves a totally geodesic copy of the 
hyperbohc space EI^""^ C X such that M!^^ /C is compact. 

Our goal now is to show that Y =: W^^/C injects diffeomorphically in 
X = X /T and separates X in two connected components R and S such that 
A = ni{R) andS = 7ri(5). 

In order to do this, we will consider the T orbit of in X and the two 
connected components U and V oi X — TW^^ which are adjacent to Hj^"'^. 
The stabilizers A, B and CofU,V and H^~^ contain respectively A, B and 
C and the hypcrsurfacc M^~^/C injects in X = X /T and separates X in 
two connected components R and S such that ni{R) = A and ni{S) = B. 
We then show that C = C, A = A and B = B. 

Let C be the stabilizer of H"-^ namely C = {7 G T^jIF'-'^ = B.^'^j. 
We have C C (7 and as W^-'^/C is compact, so is W-^/C and thus [C : C] 
< 00. 

Let p : X /C ^ X = X /T and p : X /C ^ X = X /r the natural projec- 
tions. We now show that the restriction oi p to EI"~^/C is an embedding, 
thus Y := p{M."'~^/C) is a compact totally geodesic hypersurface of X. 
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In the section 2, we constructed a C-invariant hypersurface Z <Z X such 
that Z = Z/C C X/C is compact. The hypersurface is defined as Z = 
f~^{to) where / : X ^ T is an equivariant map onto the Bass-Serre tree 
associated to the amalgamation A *c B and to belongs to that edge of T 
which is fixed by C. 

Let us first show two lemmas. 

Lemma 5.33. The restriction of p to Z/C is an embedding into X = X/T. 
Proof : Let 7 G F, 2;, z' in Z such that z' = jz. By equivariance, 

filz) = jfiz) = Jto = }{z') = to, 

thus 7 G cn 

Lemma 5.34. The restriction of p to ]W'~^/C is an embedding into X = 
X/T. 

Proof : Let us assume that there is a 7 G F — (7 such that 7BI"~^ n 
M"-^ 7^ and choose an x G 7]!"-^ n W''^. As 7 ^ C, there exist u G 
Ta;7EI"'~^ — TxW^~^. We consider Cu the geodesic ray such that c.u(0) = u. 
We know that Z is contained in an e-neighb our hood UeW''^ of M""^. The 
e-neighbourhood UeW^~^ of W^~^ separates X in two connected components 
U and V and for f > large enough, we have, say, c„(t) G U and Cu{—t) G V. 

Let Z' be the connected component of Z that we constructed at the end 
of section 2, whose stabilizer (or an index two subgroup of it) C is such that 
Z'/C" separates X/C in two unbounded connected components U'/C and 
V'/C where U' and V are the two connected components of X — Z'. 

We claim that U <Z U' and V C V or the other way around. Indeed 
if not, U and V would be both contained in, say, U'. But in that case, 
V would be contained in UeH'^~^ and therefore V'/C would be bounded, 
which is a contradiction. 

As 7Z lies in the e neighborhood of 7H"^^, there exist sequences z^, z'j^ 
in 7Z such that dist{zk, Cu{k)) < e and dist{z'j^, Cu(— A;)) < e. By proposition 
5.13 and lemma 5.23, C also acts cocompactly on M."'~^, thus C is of finite 
index in C, and therefore there are finitely many connected components of 
Z and the same holds for 7Z. We thus can assume that the z^s and z[,'s 
belong to a single connected component of 7Z. Let us consider a continuous 
path a C ^yZ joining z^ and z^. 

By construction the distance between Cu{k) [resp. c„( — /c)] and H"^-^ tends 
to infinity and thus, for k large enough, G U and G F or the other way 
around. By the claim, we then have z^ G U' and z'j^ € V, therefore the path 
a has to cross Z' which contradicts the lemma (5.29) and ends the proof of 
the lemma 5.30. □ 

As we already saw, Z has finitely many connected components, and so 
does X — Z. Let us write {VFj}j=i,..,m the connected components of X — Z. 
As C acts cocompactly on Z and H""^ there exist e > such that W^~^ C 
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U(,Z and Z C lA^W^ . Moreover UfM^ separates X in two connected 
components U and V. 

Lemma 5.35. Let us consider e such that Z C WgH""^ and U and V the 

two connected components of X —lAJ^^^^ . There are two distinct connected 
components Wi and W2 of X — Z such that U C Wi and V C W2 ■ More- 
over, fiWi) C Ti and /(VF2) C T2, where Ti and T2 are the two connected 
components ofT — {to}. 

Proof : We argue by contradiction. Let us assume that U and V are 
contained in the same connected component Wi of X — Z. Then, all other 
components Wj, j ^ 1, satisfy Wj C L(eW^~^ C U2eZ. Therefore, as C acts 
cocompactly on U2eZ, there exist a constant D such that for any j 7^ 1, 
maXyj^Wjdistf{f{w),to) < D. Thus, f{Wi) is contained in one connected 
component of T — {to} and f{Uj^iWj), contained in the ball Bf{to,D) of 
T of radius D centered at to, is bounded. This is clearly impossible because 
T — {to} has two unbounded connected components and / is onto. □ 

Let us denote A = AW''^^ the ^-orbit of the C-invariant totally geodesic 
copy of the real hyperbolic space M"-~^, and A the stabilizer of A, ie. A = 
{7 G r. ^fA = A}. We define in a similar way B = BW^'^ and B = {7 G 
T,^B = B}. 

Let us recall that C is the stabilizer of ^ in F. We now prove the 
following 

Lemma 5.36. We have A = AC and B = BC. Moreover, A and B are 
charactrized 6y ^ = {7 G L, 7M"-^ G A} and B = {7 G L, 7]!"-^ G B}. 

Proof : Let 7' G ^, then 7'EI"'"-^ G A and thus there exist 7 G ^ such 
that 7'EI"~^ = 7H'*~^, therefore 7~^7' G C, which proves the first part of 
the lemma. 

Let us prove the second part of the lemma. 

Let 7' G r be such that 7'EI""^ G A. Then there exist 7 G A such that 
j'W-^ = jM^-^, thus 7-^7' G C and therefore -y' e jC C AC = A. This 
proves one inclusion, the other inclusion being obvious. □ 

For each 7 G F, 7EI"~^ separates X in two connected components Uj and 
V,. 

Let us now prove the following lemma. 

Lemma 5.37. (i) Let j e A, [resp. 7 G B]. Then, we have A- {'yM^^^} C 
U^orA- {7M"-i} c V^, [resp. B - {-fW'-^} cU^ orB- {jIT-^} c V^.J 
(ii) Let^ be an element ofT — A, [resp. F — BJ. Then A C or A C Vy, 
[resp. B CU^ or B C V^j. 

Proof : (i) We argue by contradiction. Let us consider 7EI"~"^, 7'EI"~"^ 
and 7"EI"~^ three distinct elements in A such that 7'H"'"^ C Uj and 
^//jjn-i (2 ^ By equivariance we can assume 7 is the identity. Let us 
recall that U and V are the two connected components of X — WglHI""^. 
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We then have n ?7 / and -f"W^-^ n F / 0, which imphes 

n i7 7^ and Z n F 7^ 0. 

By lemma (5.31), U C Wi and V C W2 where Wi and W2 are two 
connected components oi X — Z and C Ti and /(F) C T2, therefore, 

/([/) contains £ and /(F) contains j"to € This is impossible 
because for all elements 7' and 7" in A, j'to and 7"to belong to the same 
connected component of T — {to}- 

(ii) Let us consider j €T — A. We argue by contradiction. Let us assume 
there exist 7, 7' in A such that 

7'H"-i C 

(5.67) 7"H"-i C Fy 

Let e > such that Z C Z/Z^EI"'"^ and U and F the connected component 
of X - iYcH"-i. By lemma (5.31) wc have f{-fU) C -ffi and /(7F) C 712, 
where 7^1 and 7^2 are the two connected components of T — {'yto}. By 
assumption (5.62), we have 

7'EI"-i n 7C/ 7^ and j"m"-'^ n 7^ 7^ 0, which implies j'Z n 7C/ 7^ and 
j"Z n 7^ / 0, therefore 7'to € 7^1 and ^"to € 7T2, which is impossible 
because in the tree T, the points ^to and j"to belong to two adjacent edges. 

□ 

By lemma (5.33) (i), for every 7 in A, [resp. i? ], wc can define as the 
connected component of X — H""^ which contains all 7']HI"~^ for all 7' in 
A, [ resp. B ], and ^'ET''^ 7^ 7EI"-^ 

Let us define 

(5.68) Ua := Hj^aUj. 

By definition, Ua [resp. Ub ]is a convex set in X whose boundary is the 
collection A, [resp. B ], of 7!!""^, 7 in ^4 [resp. B ] and by lemma (5.33) 
(ii), Ua and Ub are two disjoint connected components of X — FH"^^. 

In fact, Ua [resp. Ub], is the convex hull of A, [resp. B], and ^, [resp. 
B], is the stabilizer of Ua, [resp. J/b]. 

Lemma 5.38. The closures o/Ua and Ub intersect along H"~^ and An B = 
C. Moreover, no element of T sends Ua on Ub nor the other way around. 

Proof : The convex set Ua is the intersection of open half spaces U^, 
7 G ^, and is delimited by the disjoint union of hyperplanes 7BI'^~^, for 
some 7 G v4. The same is true for Ub and as Ua r\ Ub = 0, the closures 
of Ua and Ub can intersect only along one of the connected components 
of their boundaries, thus along W^^^ which is obviously in both closures. 
This proves the first part of the lemma, let us prove the second part. By 
lemma 5.32, C C AOB. Conversely, let us take 7 G AflB, then 7 preserves 
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the closures of Ua and Ub, thus it preserves their intersection BI"" , and 
therefore 7 G (7. 

Let us prove the last part of the lemma. Let 7 be an element such that 
^Ua = Ub- As EI"~^ is one component of the boundary B of Ub, there exist 
one component yw^~^ G A, 7' being in A, such that 'y{'j'W^~^) = H""-^. 
Therefore, 77' G C, thus 7 G ^. The same argument yields 7"^ G B, so 
^ & An B = C and 7 preserves Ua and U b , which contradicts our choice of 
7- 

□ 

The F-orbit of the closure of Ua U Ub covers X. Let us construct a tree 
T embedded in X in the following way: the set of vertices is the set of the 
connected components of X — FEI""^ and two vertices are joined by an edge 
if the boundaries of their corresponding connected components intersect non 
trivially in X. By construction T acts on T, the stabilizers of the vertices 
a and b corresponding to Ua and Ub are A and B, the stabilizer of the 
edge between a and 6 is C and a fundamental domain for this action is 
the segment joining a and b. By jl4j . I, 4, Theorem 6, the group T is the 
amalgamated product of A and B over C. 

We now claim that A = A, B = B and C = C. 

As A, B and C are subgroups of A, B, and C, the corresponding Mayer- 
Vietoris sequences of A*c B and A*^ B are related by the following com- 
mutative diagram 

HniA,R)®Hn{B,R) Hn{r,R) Hn-liC,R) 

Hn{A,R)eH„iB,R) HniT,R) Hn-iiC,R). 

We know that the index [C : C] is finite, and by the lemma 5.32, the 
indices of A, B, and C in A, B and C are finite and equal. On the other 
hand, the indices [F : A] and [F : B] are infinite by assumption, thus the 
previous diagram becomes 

Hn{T,R) Hn-l{C,R) 

I I 
Hn{r,R) Hn-l{C,R). 

Moreover, the map i/„(F,M) — > Hn~i{C,R) is bijective. Namely, the 
injectivity comes from the above diagram and the surjectivity from the fact 
that that the hypersurface M^~^/C bounds in H'^/^ and W^/B so that the 
map Hn-iiC,R) M) eiJ„_i(5, M) is trivial. Therefore the index 

[C ■.C] = l and we get A = A, B = B and C = C. □ 

6. Proof of the theorems 1.5 and 1.6. 

The proof of theorem 1.5 is exactly the same as the proof of theorem 1.2. 
The actions of F on (X) and T give rise to a continuous F-equivariant map 
f : X ^ T. Like in section 2, we build an hypersurface f~^{to) where to is 
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a regular value of / belonging the interior of an edge. As the edge separates 
the tree in two unbounded components, the section 2 applies and we get a 
subgroup C" of C, and an hypersurface Z' C X /C which is essential. Now, 
if the action of T is minimal, every edge separates T in two unbounded 
components. □ 



7. Appendix 

The goal of this section is to give a proof of lemma 5.9. This lemma 
is contained in lemma 2.1, 5.1 and 5.2 of (4j, but our situation being not 
exactly the same, we reproduce it down here for sake of completness. 

Let us restate the lemma 5.9. 

Lemma 7.1. Let C C dX he a closed C -invariant subset and 9q € C. 
We assume that there exist a sequence of positive real numbers ^ oo 
such that the sequence of pointed metric spaces {C, Xkd, 6o) converges in 
the pointed Gromov-Hausdorff topology to (S, 6, 0) where {S, 5, 0) is a weak 
tangent of {dX,d). We also assume that there exist positive constants C 
and 5, a sequence of points 9q = 6*0,^1,^2 ^ ^ ^'^'^ sequence of elements 
-fk € C such that C-^X^^ < d{ef,d^) < CX^^ and dijkOtlkOj) > S for all 
< i 7^ i < 2. Then, C is homeomorphic to the one point compactification 
S of S. In particular C is homeomorphic to dX . 

We first give a definition of pointed Hausdorff-Gromov convergence which 
is equivalent to the definition 5.7. We follow paragraph 4. 

A sequence of metric spaces {Zk,dk,Zk) converges to the metric space 
{S, 6, 0) if for every R > 0, and every e > 0, there exist an integer N, a 
subset D C Bs{0,R), subsets Dk C Bz^{zk,R) and bijections fk ■ D 
such that for k > N, 

(i) fkizk) = 0, 

(ii) the set D is e-dense in Bs{0, R), and the sets Dk 
are e-dense in Bz^{zk, R), 

(iii) - dz{fk{x), fk{y))\ < e, 
where x, y belong to Dk- 

Let us describe now the lemmas 2.1 and 5.1 following |^. 
For a metric space {Z, d) the cross ratio of four points {zi}, i = 1, ...4, is 
the quantity 



fry.^ r 1 d{zi,Z3)d{z2,Z4) 

(7.1) [ZI,Z2,Z3,Z4\ ■- 



d{zi,Z4^)d{z2,Z3) 

Given two metric spaces X and Y, an homeomorphism rj : [0, cxd) — s- 
[0, 00), and an injective map f : X ^ Y, we say that / is an ry-quasi-Mobius 
map if for any four points {xi}, i = I, ..,4, in X, we have 



(7.2) 



[fixi),f{x2)J{x:i),f{x4)] < r/([xi,X2,X3,X4]). 
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For example, any discrete cocompact group of isometries of X, where 
X is a Cartan-Hadamard manifold with sectional curvature K < —1, is 
acting on the ideal boundary {dX, d) endowed with the Gromov distance by 
r/-quasi-Mobius transformations for some rj. 

Lemma 7.2 (jlj, Lemma 2.1 ). Let {X,dx) and (Yjdy) be two compact 
metric spaces, and for any integer k, gj. : Y an rj- quasi- Mobius map 

defined on a subset of X. We assume that the Hausdorff distance between 
Di. and X satisfies 

limk^oodistH{Dk, X) = 

and that for any integer k, there exist points {x\^ X2,x^) in and (l/i , , yf ) 
inY, such that gk{xf) =yf fori G {1,2,3}, dx{x^,Xj) > 6 anddyiy^ ,y^) > 
6 for i,j € {1,2, 3}, i ^ j, where 6 is independant of k. Then a subse- 
quence of gk converges uniformly to a quasi-Mobius map f : X ^ Y , ie. 
limk ^oodistnigk ^ f\f) ) = 0. If in addition, we suppose that 

limk^^distH{gk{Dk),Y) = 0, 

then the sequence {gk^} converges uniformly to a quasi-Mobius homeomor- 
phism f : X ^ Y . 

Before stating the second lemma, let us define a metric space Z to be 
uniformly perfect if there exist a constant A > 1 such that for every z € Z 
and < i? < diamZ, we have B{z, R) - B{z, j) ^ 0. 

Lemma 7.3 ( 4 , lemma 5.1 ). Let Z be a compact uniformly perfect metric 
space and G an r]- quasi- Mobius action on Z. Suppose that for each integer 
k we are given a set in a ball = B{z,Rk) C Z that is {ekRk)-dense 
in Bk, where ek > 0, distinct points Xi,X2,x^ € B{z, XkRk), where Xk > 0, 
with 

dz{x\,x]) > 6kRk 

for i,j £ {l,2,3},i 7^ j, where 6k > 0, and groups elements ^k ^ G such 
that for yf := ^ykix^) we have, 

dz{y\.y))>b' 

for i,j G {l,2,3},z ^ j, where 6' is independant of k. Let = ^k{Dk)j 
and suppose that A/t — when k oo, and the sequence % is bounded. 

Then limk^oodistH{D'j^, Z) = 0. 

Let us go back to the proof of lemma 6.1. By definition of convergence, 
there exist a subsequence of {A^}, which we still denote by {A^}, subsets 
Dk C Bs{0, k), Dk C Bx^.ci(^Oj k), where Dk and Dk are minimal 1/fc-dense 
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subsets of Bs{0,k) and B(^£ Xt.d){Oo, k), and bijections fk ■ Dk Dk such 
that for ah X, y G Dk, 

(7.3) ]^5{x, y) < Xkd{fk{x), fk{y)) < 25{x, y), 
cf. m, (5.4). 

We can suppose that the points 9q := 6q, 9\, and 62 in lemma 6.1 belong 
to the set Dk- By assumption there exist elements ^k & C' and a constant 
b such that 

(7.4) d{:ikQtikQ))>b 

for ah i,j e {0,1,2}. 

The lemma 6.1 is a direct consequence of the lemma 6.2 applied to 
{X,dx) = (3,6) and (F, dy) = {C,d) and to the sequence of maps gk ■= 
Ik ° fk, where S is the one point compactification of 5 and 6 the distance 
on 5* associated to 6, cf. [1] Lemma 2.2. 

Let us denote Xq,Xi,X2 be the points in 5 such that fk{xf) = 6f, for 
iG{0,l,2}. 

Let us check that the assumptions of lemma 6.2 are verified. 

The fact that linik^oodistH^Dk-, S) = comes the same way as in jl], 

(5.5) . 

By (6.3), we have, 5{xf,x^j) > k^d{6f, 6j) and by assumption we then get 

(7.5) 5(4,4) >_L. 

We then get the separation assumption on triples of points by choosing 
6:=inf{D,^}. 

It remains to check the assumption on gk{Dk) = ^k ° fk{Dk) = ^k{Dk), 
namely, 

(7.6) distH{lk{Dk)-,^c>) = 0. 

In order to prove the property (6.6), we want to apply the lemma 6.3, but 
as the set (£, d) is a priori not uniformly perfect, we shall replace the uniform 
perfectness by the fact that (£, Xkd, 9q) converges to a space (5, (5o, 0), which 
is uniformly perfect, cf. (). 

We will show the 

Lemma 7.4. We consider the subsets Dk C Bs{0, k) and Dk C Bx^ci^o, k), 
where Dk and Dk are 1/k-dense subsets of Bs{0,k) and B(^£^ x^^^{9Q,k), and 
the bijections fk '■ Dk Dk coming from the convergence of the sequence of 
pointed metric spaces {C, Xkd, Oq) to {S, 5, 0) where {S, 5, 0) is a weak tangent 
of {dX,d). We also assume that there exist positive constants C and 5, a 
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sequence of points 61,62 G Ac and a sequence of elements G C such that 
C-^K^ < d{6f,6^) < CA^i and d{^k6tlk6^j) > ^ for all < i ^ j < 2. 
Then, the Hausdorf distance distHijkDk, -C) tends to as k tends to infinity. 

Proof : The proof is word by word the same as the proof of lemma 6.3, 
ie. lemma 5.1 (i) of |1] with a difference in case 2). 

We have Bx^cido,k) = Bc{6q,^) and Dk C Bx^c{Oo,k) an i-dense 
subset, for the metric Xkd. In term of the distance d, the set Dk is (ekRk)- 
dense in Bc{6q, R^), where Rk ■= ^ and ek ■= p-- By assumption, the 
points 6q = 6o,6'[,62 belong to Bc{6o, fJ-kRk), and satisfy 

(7.7) di6te^)>dkRk 

where Sk := and /ifc := §. 
The points 7fc^f satisfy 

(7.8) d{jk6f,jk6';)>5, 
and || = is bounded. 

Let us consider a point 6 €z £. We want to approximate it by a point of 
IkDk- 

We can write 6 = jk6k, for some 6k S Ac. There are two cases. 

Case 1). For infinitely many indices k, dk G Bj[i{6q, Rk). We work in 
that case for these indices k, thus there are points € Dk fl Bc{6o, Rk), 
with d{6k,6'i^) < ekRk- 

Since the distance between the ^^^'s is bounded below by 6kRk, we can 
find at least two of them which we call and bk, such that 

d{6k,bk)>^^ 

and, 

(7.9) d{e'k,ak)>^-^. 

As C is contained in the cocompact group T, it acts in a quasi- Mobius 
way on {dX, d) 
thus, 

io\ d{^k6k,^k6k)d{'ykak,lkbk) ^ d{e'f^,6k)d{ak,hk) . 

d{lk6'k,lkbk)d{-fkak,lk6k) ~ d{e',^,bk)d{6k,ak) 
for some homeomorphism 7] : [0, 00) [0,oo). This implies 

fry,-,. rf n' n \ ^ (diamC)^r]{8ekfik/Sl) 
(7.11) d{-ik6k,lk6k) < ^ , 

therefore d{'yk6k,'Jk6k) tends to zero as k tends to infinity. 
Case 2) . For all but finitely many indices k. Ok ^ Bc{6o,Rk). 
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We work with these indices k such that 6k ^ Bc{9Q,Rk)- 
We know that ejt/(5^ is bounded above independantly of k, and by as- 
sumption, 5k < 2yU^.. 

We claim that there exist ^k £ Dk and a positive constant cq such that 
for all fc, 



(7.12) %M > CO 

let us prove the claim. 

On one hand, as {dX, d) is uniformly perfect, and so is it's weak tangent 
{S, 5) because the one point compactification (5, 5) of (5, 5) is quasi- Mobius 
homeomorphic to (OX, d), therefore there exist a constant Co G [0, 1) such 
that for every x E S and < i? < diamS, we have 



(7.13) %,5)(0,i?) - B^s,S){0,CoR) + 0. 

On the other hand, {C,Xkd,9o) converges to {S,S,0). After reindexing 
the sequence {Xk}, we have for each e > a map gk Bxf.c{9o, k) ^ S such 
that 

(i) gkiOo) = 0, 

for any two points 9 and 9' in Bx^.c{9q, k), 

(ii) \Sigk{9),gk{9'))-Xkd{9,9')\<e, 

(iii) the e- neighborhood of gkiBxi.ci9o, k)) contains B(^sg'^{0, k — e). 
By (iii), we have 

(7.14) %,,)(0, k-e)c U^^^'^gk{Bx,ci9o, k)). 

By (6.13) there exist^y^ € B^s,S)i^,k - e) - 5(s_5)(0, Co(/c - e)), and by 
(6.14) there exist ^'p. G Bx^c{9o, k) such that 



(7.15) S{yk,gk{Q)<e. 

We now evaluate d{yk, gki^'k))- By the above properties (i), (ii), (6.15) 
and the triangle inequality we have 

hdi^k^Oo) > S{gkiQ,0) - e > (5(^^,0) - 5{yk,gk{Q) - e 



(7.16) > Co(A; - e) - 2e. 

As Dk is ejti2fe-dense in -B(£,d)(^0! ^/Ajt), there exist ^k G Dk such that 

d{^k,Q<ekRk = ^. 
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Let US denote cq = Co/2. For k large enough we have Co(k-e)-2e-ke, > 
therefore by (6.16) we get 

(7.17) d{^k, Oo) > d{il 9o) - d(a, ^k) > coRk, 

which proves the claim. 

We can assume that for k large enough, //^ < Co/2 < 1/2. 
We choose = 0\ and = O!^, and we get 

djjkCk, lkOk)d{-fkak,lkbk) ^ J{ik,Ok)d{ak,bk) . 
d{lkik,lkbk)d{-tkak,lkOk) ~ d{^k,bk)d{6k,ak) 



<v{- 



4:fikdiek,e, 



(7.18) < r]{16fik/co). 

We get 



□ 

[1 

[2 

[3 

[4 

[5 
[6 
[7 

[8 
[9 

[lo: 
[11 

[12 
[13 

[14: 

[15 

[16: 

[17 
[18 



d{lkOk,lkik) < idiamAc'fr]{16iJ,k/co)/S. 
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